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Abstract. In this present paper, we study geometric structures of rank two prolonga- 
tions of implicit second-order partial differential equations (PDEs) for two independent 
and one dependent variables and characterize the type of these PDEs by the topology 
of fibers of the rank two prolongations. Moreover, by using properties of these prolonga- 
tions, we give explicit expressions of geometric singular solutions of second-order PDEs 
from the point of view of contact geometry of second order. 
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1. Introduction 

Let us start by recalling the geometric construction of the 2-jet bundle for two inde- 
pendent and one dependent variables, following [H] and [13] . 

First, let M be a manifold of dimension 3. We consider the space of 2-dimensional 
contact elements to M, i.e., the Grassmann bundle J(M, 2) over M consisting of 2- 
dimensional subspaces of tangent spaces to M, namely, J(M, 2) is defined by 

J(M, 2) = |J J x , J x = Gr(T x (M), 2), 
xeM 

where Gr(T x (M), 2) denotes the Grassmann manifold of 2-dimensional subspaces in T X (M). 
Let 7r : J(M, 2) — > M be the bundle projection. The canonical system C on J(M, 2) is, 
by definition, the differential system of codimension 1 on J(M, 2) defined by 

C(u) = 7t;\u) = {ve T U (J(M,2)) I tt*(v) eu}c T U (J(M,2)) ^ T X (M), 

where ir(u) = x for u G J(M, 2). The differential system (J(M,2),C) is the (geometric) 
1-jet space, also called contact manifold of dimension 5. In general, by a differential 
system (R,D), we mean a distribution Dona manifold R, that is, D is a subbundle of 
the tangent bundle TR of R. 

Next, we should start from a contact manifold (J, C) of dimension 5, which is locally a 
space of 1-jet for two independent and one dependent variables. Then we can construct 
the geometric second-order jet space (L(J),E) as follows: We consider the Lagrange- 
Grassmann bundle L(J) over J consisting of all 2-dimensional integral elements of (J,C), 
namely, 

L{J) = \jL u d J(J,2), 

where L u is the Grassmann manifold of all Lagrangian (or Legendrian) subspaces of the 
symplectic vector space (C(u),dw) for any u G J. Here w is a local contact form on J. 



Namely, v G J(J, 2) is an integral element if and only if v C C(u) and dw\ v = 0, where 
u = 7r(v). Then the canonical system E on L(J) is defined by 

E(v) = ^(v) c T V {L{J)) T U (J), 

where ir(v) = u for v G L(J) and n : L( J) — >• J is the projection. The geometric jet 
space of second order (L(J),E) is locally a space of 2-jets for two independent and one 
dependent variables (J 2 (R 2 , R), C 2 ). Here, the 2-jet space (J 2 (IR 2 , R), C 2 ) is defined as 
follows: 

(1) J 2 (R 2 ,R) := {(x,y,z,p,q,r,s,t)} 

and C 2 := {w = w\ = w 2 = 0} is given by the following 1-forms: 

Wo := dz — pdx — qdy, W\ := dp — rdx — sdy, w 2 '■= dq — sdx — tdy. 

In this paper, we identify (L(J),E) with ( J 2 (R 2 , R), C 2 ) since we only consider the local 
geometry of jet spaces. 

Now we consider single PDEs F(x,y,z,p,q,r,s,t) = 0, where F is a smooth function 
on J 2 (R 2 ,R). We set R = {F = 0} C J 2 (R 2 ,R), and restrict the canonical differential 
system C 2 to R. We denote it by D(:= C 2 \ R ). We consider a PDE R = {F = 0} with 
the condition (F r , F s , F t ) ^ (0,0,0) which we will call the regularity condition. Thus, R 
is a smooth hypersurface, and also the restriction ttI\r '■ R — > J 1 (R 2 ,R) of the natural 
projection vr 2 : J 2 (R 2 ,R) -»■ J^R 2 ^) is a submersion. Due to the regularity condition, 
restricted 1-forms vJi\r (i = 0, 1, 2) on R are linearly independent. Therefore, we have the 
induced differential system D = — wiIr — W2\r — 0} on R. Then, D is a vector 

bundle of rank 4 on R. For brevity, we denote each restricted generator 1-form Wi \ r of 
D by Wi in the following. For such an equation F = 0, we consider the discriminant 
A:=F r F t -F 2 /4. 

Definition 1.1. Let R = {F = 0} be a single second-order regular PDE. For the discrim- 
inant A of F, a point w G R is said to be hyperbolic or elliptic if A(w) < or A(w) > 0, 
respectively. Moreover, a point w G R is said to be parabolic if (F r , F s , F t ) w ^ (0,0,0) 
and A(w) = 0. 

For second-order regular PDEs, we are interested in geometric singular solutions. Here, 
the notion of geometric solutions, including singular solutions is defined as follows (see 

&)■ 

Definition 1.2. Let (R,D) be a second-order regular PDE. For a 2-dimensional integral 
manifold S of R, if the restriction 71 2 \r : R — > J 1 of the natural projection nf : J 2 — > J 1 
is an immersion on an open dense subset in S, then we call S a geometric solution of 
(R,D). If all points of a geometric solution 5* are immersion points, then we call S a 
regular solution. On the other hand, a geometric solution S have a nonimmersion point, 
then we call 5* a singular solution. 

From the definition, images tt 2 {S) of geometric solutions S by the projection tt 2 are 
Legendrian in J 1 (R 2 ,R), i.e., t^oU^s) = dwo\ w 2^ = 0. We will investigate the method 
of the construction of these singular solutions. For this purpose, we define the notion of 
rank n prolongations of differential systems, in general, as follows: 
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Definition 1.3. Let (R, D) be a differential system given by D = {w\ — ■ ■ ■ — w s — 0}. 
An n- dimensional integral element of D at x G R is an n-dimensional subspace v of T x i? 
such that 

Wi\ v = dwi\ v = (i = 1, • ••,•§)■ 

Namely, n-dimensional integral elements are candidates for the tangent spaces at x to 
n-dimensional integral manifolds of D. It follows that the rank n prolongation of (R, D) 
is defined by 

(2) E(R) := |J S x , 

x&R 

where E x = {v C T x i? | w is an n-dimensional integral element of (R,D) }. We define 
the canonical system D on £(-R) by 

D(u) : = p-\u) = {v G T M (S(i?)) | p*(v) G u} , 

where u G is a smooth point of and p : — > R is the projection. 

This space is a subset of the Grassmann bundle over R 

(3) J(D,n):=(Jj x 

xG-R 

where J x :— {y C T x .i? | w is an n-dimensional subspace of -D(x)} . In general, the rank n 
prolongations have singular points, that is, S(-R) is not a smooth manifold. This 

kind of prolongation is very useful to study geometric structures of equations (R, D) or 
their solutions. In this paper, we only consider in the case of n = 2. 

Let us now proceed to the description of the various sections and explain the main 
results in the present paper. In section 2, we investigate the fiber topology of rank 2 
prolongations (S(i?),£)) of differential systems (R,D) induced by hyperbolic, parabolic 
and elliptic equations. One of the main results of this paper is that the type of equations 
defined by local structure is characterized by the topology of fibers of the prolongation 
p : — > R. Namely, we obtain that the topology of fibers of the prolongations 
p : — y R of differential systems (R,D) associated with hyperbolic, parabolic or 
elliptic equations is torus, pinched torus or sphere, respectively (Corollary 12 .8 j) . In sec- 
tion 3, we study structures of the canonical systems D on the rank 2 prolongations 
for hyperbolic, parabolic and elliptic equations (R, D) as differential systems. More pre- 
cisely, obtained results in this section clarify the structure of nilpotent graded Lie algebras 
(symbol algebras) of the canonical systems on the rank 2 prolongations for hyperbolic, 
parabolic and elliptic equations. Here, the symbol algebra is a fundamental invariant 
of differential systems under contact transformations (see section 3.2). In section 4, we 
research an approach to construct geometric singular solutions of hyperbolic, parabolic, 
elliptic equations defined by Definition 11.21 Especially, we give the explicit integral repre- 
sentation of these singular solutions of model equations for each class of single equations. 
In section 5, we introduce hyperbolic, parabolic and elliptic rank 4 distributions which 
are generalizations of hyperbolic, parabolic and elliptic PDEs and prove the topology of 
fibers of the prolongation of these rank 4 distributions is torus, pinched torus or sphere, 
respectively (Proposition I5.4p . This result is a generalization of a part of Theorem 18 in 
[1]. We also prove that the procedure of prolongations of these distributions preserves 
their types, namely, the rank 2 prolongation of hyperbolic, parabolic or elliptic rank 4 
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distributions is also a rank 4 distribution of the type of hyperbolic, parabolic or elliptic, 
respectively (Theorem 15. 5p . It follows that, by successive prolongations of these rank 4 
distributions, we can define the notion of k-th rank 2 prolongations as a generalization of 
k-th rank 1 prolongations introduced previously in [6] or [10] (these are called "Monster 
Goursat manifolds" in [6]). 

Acknowledgments. We would like to express our special thanks to Professor Keizo 
Yamaguchi for many useful discussions on the subject. Moreover, the first author is 
supported by Osaka City University Advanced Mathematical Institute. 

2. Rank 2 prolongations of regular PDEs 

In this section, we show that the type of equations is characterized by the topology 
of fibers of the rank 2 prolongations of equations. For this purpose, we provide the 
rank 2 prolongations of hyperbolic, parabolic and elliptic PDEs by using inhomogeneous 
Grassmann coordinates. 

Rank 2 prolongations of hyperbolic equations. Let (R, D) be a locally hyperbolic 
equation. Then, there exists a local coframe {t?o, i&i, ©2, Mi, ^2> ttii, ^22} around x G R 
such that D = {wq = W\ = W2 = 0} and the following structure equation holds: 

dtojQ = 0J1 A w 1 + oj 2 A m 2 mod w , 
(4) dm 1 = u)\ A 7Tn mod O7o, roi, ro 2 , 

cfa7 2 = L)2 A 7T 22 mod tJ7 , ©1, "072. 

In terms of this structure equation, we construct the rank 2 prolongation of (R, D) by 
taking integral elements. 

Theorem 2.1. Let (R,D) be a locally hyperbolic equation. Then, the rank 2 prolongation 
S(i?) is a smooth submanifold of J(D,2), and it is a T 2 = S 1 x S 1 -bundle over R. 

Proof. First, we show that S(-R) is a submanifold of J(D, 2). Let tt : J(D, 2) — y R be the 
projection and U an open set in R. Then 7r _1 (?7) is covered by 6 open sets in J(D, 2): 

where 

C4;iwa := { w e 7r_1 ( C/ ) I w ik A w 2^ 7^ 0} , t4, 17ril := G 7T _1 (C/) | A 7r n |,, ^ 0} , 

^i7T 22 := {f G 7r _1 (C7) I u x \ v A 7r 22 U 7^ °} , f-Wu := G 7r _1 (C7) | w 2 |„ A 7Tn|„ 7^ 0} , 

f4)27T22 := { v e ^"H^) I U2U A 7r 22 | t , 7^ 0} , U mi7V22 := {v G 7r _1 (£7) \ n u \ v A 7r 22 |„ 7^ 0} . 

In the following, we explicitly describe the defining equation of S(-R) in terms of the 
inhomogeneous Grassmann coordinate of fibers in U Ul0J2 , U nil7T22 . 
(I) On U UlU2 : 

For w G U U1U)2 , ^ is a 2-dimensional subspace of D(v), p(w) = v. Hence, by restrict- 
ing 7Tii, 7r 22 to to, we can introduce the inhomogeneous coordinate p\^ of fibers of J(D, 2) 
around w with 7Tu\ w = Pii(w)ui\ w + p\ 2 (w)u 2 \ w , vr 22 |^ = P2i( tw ) a; iU +P22( M; ) W 2U- More- 
over, w satisfies ctoilu, = dw2\ w = 0: 

dcc7 2 U = A (PaiC^ML + P 22 (w)u; 2 | ti ,) = -p^iW^iU A 
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Hence, we obtain the denning equations fi = f 2 = of S(i2) in £/ Wl ^ 2 of J(D,2), where 
h = Pvzi fa = v\\, that is, {f x = f 2 = 0} C t/ wia , 2 . Then df 2 are independent on 
{/i = fa = 0}. 

(II) On ^ l7ril : 

For w G C/ W i7riij by restricting w 2 ,7r 22 to w, we introduce the inhomogeneous coordi- 
nate pf- of fibers of J(D,2) around w with u^l™ = Pu(w)u)i\ w + p\ 2 {w)tiu\ W) = 
pli^^iU + P 2 2( w ) 7r iiL- Moreover, w satisfies dw\\ w = = 0- However, we 

have dvj\\ w = ui\ w A tth\ w ^ 0. Thus, there does not exist integral element, that is, 

u UJ1 « 11 n P - 1 (u) = ®. 

(III) On U^ 22 : 

For w G U Ul7r22 , by restricting u; 2 ,7Tii to w, we introduce the inhomogeneous coordi- 
nate pf- of fibers of J(D,2) around u> with u; 2 lio = Pii(^)^iU + Pi2( w ) 7r 22U, 7TiiU = 
p 21 {w)uji\ w + p 22 (w)ir 22 \ w . Moreover, w satisfies dvj\\ w = dw 2 \ w = 0: 

dw\\ w = coi\ w A 7i u \ w = p\ 2 (w)uji\ w A 7r 22 U, 
dw 2 \ w = uj 2 \ w A ir 22 \ w = Puiw)^!^ A ir 22 \ w . 

Then the defining functions of S(i?) are independent in the same as (I). 

(IV) OnU W2nn : 

For w G £4> 2 7rii) by restricting oji,ti 22 to u;, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with ui\ w = p\ l {w)uj2\ w + pf 2 (u>)7rii|. U) , 7122U — 
P2 1 (w)w 2 | w +P 22 (^)ttiiU- Moreover, w satisfies cfcjil^ = dw 2 \ w = 0: 

rf^lU = Ul\w A 7Tn|„, = Pn(^)c^2|io A nil\ w , 
dw 2 \ w = ^2\w A 7!- 2 2\w = P 22 (w)u 2 \ w A n n \ w . 

Then the defining functions of S(-R) are independent in the same way as in (I). 

(V) On U U2 

7T22 • 

For w G U U27r22 , by restricting a;i,7Tn to w, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with ui\ w = p\i{w)uj2\ w + P^^) 71 ^!™, ttiiU = 
P2i(w)u 2 \ w + P22( w )' K 22\w Moreover, w satisfies dw\\ w = dw 2 \ w = 0. However, we 
have dvj 2 \ w = u 2 \ w A 7r 2 2 |i« ^ 0. Thus, there does not exist integral element, that is, 

u^ 22 np-\u) = 0. 

(VI) On U nin22 : 

For w G U nnn22 , by restricting uj\,uj 2 to w, we introduce the inhomogeneous coordi- 
nate pf- of fibers of J(D,2) around w with = Pi 1 (w)7iu\ w + p\ 2 {w)rc 22 \ w , w 2 \ w = 
p 2 i(w)iin\ w + p 22 (w)n 22 \ w . Moreover, w satisfies dw\\ w = dw 2 \ w = 0: 

dw x \ w = Ui\ w A 7th!,,, = pl 2 (w)7T 22 \ w A 7Tn\ w , 

dw 2 \ w = U) 2 \ w A 7T 2 2U = P2l( W ) n n\w A 7T22U. 

Then the defining functions of S(-R) are independent in the same way as in (I). 

Under these discussions, the rank 2 prolongation E(-R) is a smooth submanifold of 
J(D,2). 

Next, we show that the topology of fibers of S(i?) is torus. In the above discussion, we 
have p (U^) Pu\wi U Pu>itt22 ^ P^im ^ -^~7TLi7r22> where Puj 1U j 2 ■ p (^") H U LU1UJ2 , P^-k 22 • 

p^(U) n £4^2) ^tth := P'H^) R ^tth, and ^irmraa := R ^irmrja- From 
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Definition II. 3[ we have the canonical system D on each open set. To prove our as- 
sertion, we investigate the gluing of (E(R),D). For instance, we construct the transi- 
tion functions on U UlW3 fl U Wl1Tm in the following. On U UlW2 , the canonical system D = 
{w = w 1 = w 2 = = w n22 = 0} is given by w nil := 7r n -p^Wi, w n22 := 7i 22 -pl 2 UJ 2 . 
On the other hand, the canonical system D = {w = w\ — w 2 = w^ 2 = zu nn = 0} on 
Uu, 17 r 22 is given by w^ 2 := u 2 — ^12^22, w nil := 7Tn — p 21 coi. Then, the transition func- 
tions : U U1UJ2 n U uin22 ->■ U U1U12 n t4 17r22 is given by 

0O,Pll,P22) = ( V ,Pl2 ■= —,Ptl ■= Pll) for P22 + °> 
V V22 ) 

where v is a local coordinate on R. We also have similar transition functions for the other 

intersection open sets ?7 W1W2 fl t/ W27ril , U win23 fl t^n^, U U27ril fl U^ lin22 . Consequently, the 

topological structure of fibers is T 2 = S 1 x S* 1 . □ 

Remark 2.2. In fact, this result (i.e. is a torus bundle) is known by Bryant, 

Griffiths and Hsu in [2]. They obtained this result for the hyperbolic exterior differential 
system which is a generalization of distributions corresponding to hyperbolic equations 
(see Remark 15. 6p . However, we will also consider parabolic and elliptic cases and our 
method is distinct one. We will use the structure of this covering in T,(R) when we will 
study singular solutions (see, section 5). Thus, we need to prove in the above way. 

Rank 2 prolongations of parabolic equations. Let (R, D) be a locally parabolic 
equation. Then, there exists a local coframe {zu ,zzji,zu 2 ,u}i,uj2, 7112,^22} around x G R 
such that D = {zu = w\ = W2 = 0} and the following structure equation holds: 

dzuo = uji A w\ + U2 A -072 mod w , 

(6) dwi = 0J2 A 7r 12 mod uj , vj\, w 2 , 

dw 2 = U>i A 7T 12 + UJ 2 A 7T 2 2 mod U7 , OTl, 072- 

From this structure equation, we clarify the rank 2 prolongation E(i2). 

Lemma 2.3. Let (_R, D) foe a locally parabolic equation. Then, the rank 2 prolongation 
S(i?) /ias singular points. 

Proof. Let [/ be an open set in R, and ir : J(D,2) — >■ i? the projection. Then 7r _1 (?7) is 
covered by 6 open sets in J(D,2): 

(7) 7r (U) U ullU j 2 U U UllT12 U Uui 17 r22 ^ ^o)27ri2 U U UJ27T22 U U ni27T22 , 

where each open set is given in the same way as the hyperbolic case (jSJ). Now we explicitly 
describe the defining equation of S(i?) on each open set. 
(I) On U UlU2 : 

For to G U UltJ2 , w is a 2-dimensional subspace of -D(w), p(w) = v. Hence, by restrict- 
ing 7r 12 , 7r 2 2 to w, we can introduce the inhomogeneous coordinate pL of fibers of J(D, 2) 
around iu with ir 12 \ w = pl^w)^^ + p\ 2 {w)u) 2 \ w , 7T 22 \ W = pl^w)^^ + p\ 2 {w)u 2 \ w . More- 
over, w satisfies dw\\ w = dw 2 \ w = 0: 

dzUi\ w = U 2 \ w A 7T 12 U = PuM^lto A 

do7 2 |„, = U}]\ w A 7Ti 2 U + lo 2 \ w A 7r 22 U = (pLC™) -P21MMU A ^U- 

Hence we obtain the defining equations f± = f 2 = of S(i?) in C4, 1Wa of J(D,2), where 
fi = P11, h = P11 ~ Pin that is, {fx = f 2 = 0} C U U1U12 . Then d/x, df 2 are independent on 
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{/i = h = o}. 

(II) On [/ W 

For u; £ U wi7ri2 , by restricting 1^2,^22 to w, we we introduce the inhomogeneous coor- 
dinate pfj of fibers of J(D,2) around w with u 2 \ w = Pu(^)^iU + Pi 2 (w)7ri 2 |.u,, = 
P2i(w)^i| w + p| 2 (w)7r 12 Moreover, w satisfies dwi\ w = dw 2 \ w = 0: 



dti7i|„, = 0^ ]«, A 7Ti 2 U = p n (w)ui\ w A TT 12 
dw 2 \w = WlU A 7Ti 2 U + W2U A 7r 2 2|„, = (1 + Pn (w)p 22 (w) - Pl2{ w )P2l{ w ))ui\ W A 7ri 2 |«;- 

Then the defining functions of S(-R) are independent. 

(III) On U^ 22 : 

For w £ L^ 17r22 , by restricting W2,7ri2 to w, we introduce the inhomogeneous coordi- 
nate pf- of fibers of J(D,2) around w with u^l™ = pf 1 (w)wi| tu + Pi 2 (w)7r2 2 |«,, ni2\w = 
p%i(w)ui\ w + pl 2 (w)ir 22 \ w . Moreover, w satisfies dw±\ w = = 0: 

dwi\ w = u 2 \ w Att 12 \ w = {p\i{w)p\ 2 (w) - p\ 2 (w)pl 1 (w))u 1 \ w A7r 22 U, 

dG7 2 | w = Wila, A 1X 12 \ W + W 2 |«, A 7T 22 U = {p\i{w) + pl 2 (w))uJi\ w A K 22 \ w . 

Therefore, we obtain the defining equations f\ = f 2 = of S(-R) in U Wl7T22 of J(D,2), 
where /i = p\iP% 2 - Pi 2 pli, / 2 = Pii + P 22 , that is, {ft = f 2 = 0} C t4, l7r22 . Then, dfx, df 2 
are linearly dependent on S := {p^ = p\ 2 -,p\ 2 = p|i = 0}. Hence, S 1 D S(i?) = {p^ = 
P22 = P12 = P21 = 0} which is a point on each fiber is a singular subset in S(i?) . 

(IV) OnU m : 

For w; £ [4, 27ri2 , by restricting u;i,7r 22 to u>, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with Wi|^ = p^iw)^^ + Pi 2 (w)7ri 2 |.u,, k 22 \ w = 
p 21 (w)u 2 \ w + p 22 (w)iii 2 \ w . Moreover, w satisfies dw\\ w = dw 2 \ w = 0. However, we 
have dw\\ w = u 2 \ w A iii 2 \ w ^ 0. Hence, there does not exist integral element, that is, 

U U27ri2 n P - 1 (U) = $. 

(V) On 

7T22 • 

For w £ £/ W27r22 , by restricting Ui,7ii 2 to w, we can introduce the inhomogeneous coor- 
dinate p\- of fibers of J(D,2) around w with Ui\ w = p\ 1 {w)uj 2 \ w + pl 2 (w)ii 22 \ w , vt 12 | w = 
p 21 {w)uj 2 \ w + pl 2 (w)n 22 \ w . Moreover, w satisfies dw\\ w = dw 2 \ w = 0: 

dwi\ w = u 2 \ w A 7Ti 2 U = p 22 {w)ui 2 \ w A n 22 \ w , 

dw 2 \ w = U!\ w A TT 12 \ W +UJ 2 \ W A TT 22 \ W = (I + p 5 u (w)p 5 22 (w) - p\ 2 {w)pl 1 {w))u 2 \ w A 7T 22 | W . 

Then the defining functions of S(-R) are independent in the same as (I). 

(VI) OnU ni2n22 : 

For w £ U ni27r22 , by restricting Ui,u 2 to w, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with Ui\ w = Pi 1 (w)n 12 \ w + Pi 2 (w)n 22 \ w , u 2 \ w = 
P 2 i(w)tti 2 \ w + P 22 (w)ti 22 \ w . Moreover, w satisfies dw\\ w = dw 2 \ w = 0: 

dm-Llw = lo 2 \ w A n 12 \ w = p^w^^U A ^12^, 

= ^l\ w An 12 \ w + UJ 2 \ w A7T 22 \ W = (P2i(w) -Pi2(w)Kl2U A7T 22 | M . 

Then the defining functions of S(-R) are also independent. 

Summarizing these discussions, the rank 2 prolongations S(i?) for locally parabolic 
equations R has singular points, that is, these are not smooth. □ 
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We set P^ 2 := p~\U) n U UlUa , P^ 12 := p~\U) n f/a, 17ri2 , P Wl7r22 := p _1 (EO D 

U ulin2 21 -faJ27T22 ' P (^0 ^ ^U>27T22' Slid P-K\2^22 " P (^0 ^ ^iri27T22 ' 

Lemma 2.4. H^e /lave = P WlWa U -^1^22 U -^12^22- 

Proof. From the discussion of the proof of the previous proposition, we have = 

P^\U)2 ^P<jJ\-K\2 U-PcJl7T22 U-^£J27T22 ^-^7ri2""22 " HenCe, it is SUfficieUt tO prOVe Pjjtt^; PtU2'n'22 ^— PwiW2" 

For the open set P Wl ,r 12 , we prove this property. Let u> be any point in P Wl7ri2 C p _1 (i7). 
Here, if w £ tnen w iU A = 0. Hence, by Ui\ w A u 2 \ w = p\ 2 {w)ui\ w A 7Ti 2 U, we 

have the condition p\ 2 {w) = 0- However, w is an integral element, and we have p\ 2 {w) 0. 
Thus, we have P Wl7ri2 C P Wia j 2 - F° r the open set P(^ TO2 , we also obtain the statement from 
the same argument. □ 

Theorem 2.5. Let (R, D) be a locally parabolic equation. Then, the rank 2 prolongation 
S(P) has singular points, and it has the structure of pinched torus fibration. 



Proof. By the above lemma, note that the fiber p~ l (w) at w G R decompose to the 
disjoint union p~ 1 (w) = M 2 U K U {a point} as a set. Moreover, by gluing on p~ l (U) = 
Punui 2 U Pwi7T 2 2 ^ -^71-12^22 i n t ne P r oof of the previous proposition and lemma, we obtain the 
statement. □ 

Rank 2 prolongations of elliptic equations. Let (R, D) be a locally elliptic equation. 
Then, there exists a local coframe {roo, ©i, vj 2 , ou±, 002, 7Tn, ^12} around x G P such that 
D = {ti7 = Wi = w 2 = 0} and the following structure equation holds: 

cfejo = wi A roi + W2 A -072 mod w , 

(8) dw\ = Wi A 7Tn + W2 A 7Ti2 mod Wo? ^l? 

cfa7 2 = Wi A 7T 12 — U) 2 A 7Tn mod Ct7 , VJi, w 2 . 

From this structure equation, we investigate the rank 2 prolongation E(P). Let [/ be an 
open set in R, and n : J(D,2) — >■ P the projection. Then 7r _1 (£7) is covered by 6 open 
sets in J(D,2): 

(9) VT (f^) U U u)l7Tll U Uu}iTTi2 U ^a)2TH U ^W37T12 U ^7ril7Ti2) 

where each open set is also given in the same way as hyperbolic case (J5J). Now we ex- 
plicitly describe the defining equation of £(P) in terms of the inhomogeneous Grassmann 
coordinate of fibers in U UlW2 , U nn7ri2 . 
(I) On C/ Wia , 2 : 

For u> G f/aji^ 2 5 ^ is a 2-dimensional subspace of -D(f), = v. Hence, by restricting 
7Tn , 7Ti2 to u>, we introduce the inhomogeneous coordinate pjj of fibers of J(D, 2) around 
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w with ir u \ w = pJ^u^WiU + p\ 2 (w)u 2 \ w , n 12 \ w = ph(w)w\\ w + p\ 2 {w)u 2 \ w . Moreover w 
satisfies dvj\\ w = dw 2 \ w = 0: 

dwx\ v = WiU AtthIw + u) 2 \ w Ait 12 \ w = G°l 2 ( w ) -P21MV1U Aw 2 U 
cfa7 2 |„, = Ui\ w A 7r 12 \ w - u 2 \ w A 7r n \ w = (plxiw) + p\ 2 (w))ui\ w Auj 2 \ w . 

Hence we obtain the defining equations fi = f 2 = of S(-R) in U U1U!1 of J(D,2), where 
h = V\2 ~P\n h = v\x +P 22 , that is, {/1 = f 2 = 0} C £4 lW2 . Then df u df 2 are independent 
on {h = f 2 = 0}. 

(II) On U U1 ^: 

For w; G U winil , by restricting Co» 2 ,7ri 2 to w, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with uj 2 \ w = p\i{w)u)i\ w + pl 2 (w)irn\ w , n 12 \ w = 
pl 1 (w)ui\ w + p 22 (w)nn\ w . Moreover, w satisfies dzu±\ w = dzu 2 \ w = 0: 

dw x \ w = A 7T U | W + w 2 | M A ir 12 \ w = (1 +P?i(^)P22( w ) - P12 ( w )pIi MVi \w A n n \ w , 
dw 2 \ w = Ui\ w Air 12 \ w -uj 2 \ w Aiiu\ w = (-Pn(w) +pl 2 {w))u 1 \ w A -K n \ w . 

Then the defining functions of are independent in the same as (I). 

(III) On f4 17ri2 : 

For w G £4>i7ri2) by restricting a; 2 ,7Tn to w, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with uj 2 \ w = p\ x (w)u\\ w + pl 2 (w)iri 2 \ w , 7i u \ w = 
pl 1 (w)ui\ w + p 22 {w)iii 2 \ w . Moreover, w satisfies dzu±\ w = dw 2 \ w = 0: 



dwi\ w =ui\ w A ir u \ w + uj 2 \ w Air 12 \ w = (Pn(iy) +p\ 2 (w))u 1 \ w Ak 12 \ 
dw 2 \ w = ui\ w A ir 12 \ w - uj 2 \ w A 7r n \ w = (1 - p\ l (w)pl 2 {w) + p\ 2 {w)p A 2l {w))uJi\ w A 7ri 2 |«,- 
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Then the defining functions of S(i?) are also independent. 

(IV) OnU m : 

For w G £4, 27ril , by restricting Wi,7r 12 to w, we introduce the inhomogeneous coordi- 
nate pfj of fibers of J(D,2) around w with u>i\ w = pfi(w)u 2 \ w + pf 2 (w)iiii\ w , tti 2 \ w = 
p 21 (w)u 2 \ w + p 22 (w)iin\ w . Moreover, w satisfies dvj\\ w = dzu 2 \ w = 0: 

dwi\ w = ui\ w A 7i u \ w + uj 2 \ w A ir 12 \ w = (pf^w) +p 22 (w))u 2 \ w A n n \ w , 

dw 2 \ w = lui\ w A ir 12 \ w - u 2 \ w A 7r n \ w = {p\i{w)p\ 2 (w) - p\ 2 {w)p 21 (w) - l)u 2 \ w A n u \ w . 

Then the defining functions of S(i?) are also independent. 

(V) On£/- W 

For w G C4, 27ri2 , by restricting Ui,nu to w, we introduce the inhomogeneous coordi- 
nate pf- of fibers of J(D,2) around w with u>i\ w = p\iiw)uj 2 \ w + pl 2 (w)iii 2 \ w , irn\ w = 
P 21 {w)uj 2 \ w + p 22 (w)n 12 \ w . Moreover, w satisfies dw\\ w = dw 2 \ w = 0: 

dWi\ w = L}!\ w A 7TnU + ^Iw A 7l 12 \ w = (1 + p\ x {w)p\ 2 (w) - p\ 2 (w)p\ l (w))uJ 2 \ w A 1T 12 \ W , 

dzu 2 \ w = U!\ w A n 12 \ w - u 2 \ w A 7r u \ w = (pn(w) -p\ 2 (w))uj 2 \ w A ir 12 \ w . 

Then the defining functions of S(i?) are also independent. 

(VI) OnU niini2 : 

For w G U nil7Tl2 , by restricting Ui,u 2 to w, we introduce the inhomogeneous coordi- 
nate p^ of fibers of J(D,2) around w with u>i\ w = Pii(w)nn\ w + p\ 2 {w)n\ 2 \ Wl u 2 \ w = 
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p 21 (w)iv 1 i\ w + p 22 (w)n 12 \ w . Moreover, w satisfies dwi\ w = dw 2 \ w = 0: 

dw x \ w = ut\ w A n n \ w + u 2 \ w A 7r 12 U = (-P 6 12 (w) + p 6 21 (w))7r n \ w An 12 \ w , 

dw 2 \ w = UJ!\ W A 7Ti 2 U - ^Iw A ir n \ w = (Pu(w) + pl 2 (w)) 7r n \ w A 7Ti 2 |«7- 

Then the defining functions of E(P) are also independent. 

Summarizing these discussions, the rank 2 prolongation £(P) of a locally elliptic equa- 
tion R is smooth, and it has the covering p^iU) = P WlUJ2 UP Wl7ril UP Wl7ri2 UP W2iril UP W2)ri2 U 
Pniwu, where P WlWa := fl C4, ltt)2 , Pu, 17ril := n £/ Wl7ril , P Wl7ri2 := P _1 (C^) n 

Uuj ini 2, Pu)2TT\\ ■ P {Uj^U^TTliJ PwaTl2 ' P (^0^^W2T12 ) 3Ild Ptt\\-K\2 " P (^0^^7rii7Tl2" 

However, this covering is not essential in the following sense. 

Lemma 2.6. Let (R,D) be a locally elliptic equation and p : S(P) R be the rank 2 
prolongation. Then, for any open set U C R, we have p~ l {U) = P UlU3 U P nil7ri3 . 

Proof. It is sufficient to prove P winni P wi7 r 12 , P^ui P^n c Pmw For the open set 
Pwijruj we P rove this property. Let w be a point in P tJl7ril C Here, if w ^ P Wl w 2 , 

then the condition Au^l™ = is satisfied. Hence, by A^U = Pi 2 (' iy ) a; iU ^^nU) 
we have p 2 2 {w) = 0. However, w is an integral element. In terms of f\ = f 2 = 0, we have 
(Pn) 2 = — 1- This is a contradiction. Thus, we have Po, 17ril C P WlW 2- F° r other open sets, 
we also have the statement from the similar argument. □ 

Theorem 2.7. Let (R,D) be a locally elliptic equation. Then, the rank 2 prolongation 
S(P) is a smooth submanifold of J(D,2) , and it is a S 2 -bundle over R. 

Proof. By the above lemma, note that the fiber p~ 1 (w) at w G R decompose to the disjoint 
union p~ l (w) = M 2 U {a point} as a set. Moreover, we obtain the statement from the same 
argument to the parabolic case. □ 

Characterization of equations by the fiber topology. We obtain one of the main 
results by summarizing theorems of the previous part of this section. 

Corollary 2.8. Let R = {F = 0} be a second-order regular PDE and S(P) be the its 
prolongation. Let p : S(P) — >• R be the natural projection. Then, 

(1) w G R is hyperbolic -<=>- p~ 1 {w) is a 2- dimensional torus T 2 . 

(2) w G R is parabolic -<=>- p~ l (w) is a pinched 2-dimensional torus. 

(3) w G R is elliptic -<=>- p~ l {w) is a 2-dimensional sphere S 2 . 

Proof. Note that the fiber p^iyo) is defined by the structure equation of D at w as a 
subset in the fiber J w = GV(2,4) of the fibration n : J(D,2) — > R. From this point of 
view, the topology of the fiber p~ l (w) depends only on the pointwise structure equations 
Q, © and dSJ). * □ 

3. Structures of the canonical systems on the rank 2 prolongations 

In this section, we study the geometric structures of the rank 2 prolongations (S(P), D) 
for each class of equations. We first recall Tanaka theory of weakly regular differential 
systems in this section. For more details, we refer the reader to [UJ and [To] . 

Derived system, Weak derived system. Let D be a differential system on a manifold 
R. We denote by T> = T(D) the sheaf of sections to D. The derived system 3D of a 
differential system D is defined, in terms of sections, by &D := T> + [D,T>]. In general, 
dD is obtained as a subsheaf of the tangent sheaf of R. Moreover, higher derived systems 
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d k D are defined successively by d k T> := d(d k 1 T>), where we set d°D = D by convention. 

On the other hand, fc-th weak derived systems d^D of D are defined inductively by 
d (k) v ._ d {k-i) v + [ Pj g(fc-i)D], 

Definition 3.1. A differential system .D is called regular [weakly regular), if <9 fc .D (resp. 
d^D) is a subbundle for each fc. 

If D is not weakly regular around x <E R, then x is called a singular point in the sense 
of Tanaka theory. These derived systems are also interpreted by using annihilators as 
follows [5]: Let D = {zoi = ■ ■ ■ = vj s = 0} be a differential system on a manifold R. We 
denote by D 1 - the annihilator subbundle of D in T*R, namely, 

D ± (x) = {u G T*R | u(X) = for any X G D(x)}, 

= < W\, ■ ■ ■ , w s > . 

Then the annihilator (dD) 1 - of the first derived system of D is given by 

(3D) 1 - = {zu G D x | dzu = (mod L^)}. 

Moreover, the annihilator (c^+^-D)- 1 of the (A; + l)-th weak derived system of D is given 
by 

( 9 (k+i) D )_L = | w G (gW^-L | = o (mod (d^D)^, 

(d^D) 1 A (d^D) 1 , 2 < p,q < k - 1)}. 

We set -D™ 1 := -D, -D~ fe := d^ k ~^D [k > 2), for a weakly regular differential system .D. 
Then we have ([HI Proposition 1.1]): 
(Tl) There exists a unique positive integer /i such that 

D- 1 c zr 2 c ■ ■ ■ c zr fc c ■ • • c zr^- 1 ) c £>~ M = D~ (ft+1) 

(T2) [£> p , £> 9 ] C V p+q for all p, g < 0. 
Symbol algebra of differential system. Let (R, D) be a weakly regular differential 
system such that 

TR = D-» D D ■ ■ ■ D ZT 1 =: £>. 

For all x G Z2, we put fl_i(x) := D _1 (x) = £>(z), p (x) := D p (x)/Z3 p+1 (x), (p = 
—2, —3, . . . , — /i) and 

m(z) := 
p=-i 

Then, dim m(x) = dim R. We set g p (x) = {0} when p < —fx — 1. For X G p (x), F G 
Q q (x), the Lie bracket [X, F] G g p+g (x) is defined in the following way: 
Let X G V p , Y G V q be extensions (X^ = A", F x = F). Then [X, F] G V p+q , and we set 
[X, F] := [X, Y] x G g p+g (a;). It does not depend on the choice of the extensions because 
of the equation 

[fX,gY] = fg[X,Y] + f(Xg)Y - g(Yf)X (f,g G C°°(R)). 

The Lie algebra m(x) is a nilpotent graded Lie algebra, we call (m(x), [ , ]) the symbol 
algebra of (R, D) at x. Note that the symbol algebra (m(x), [ , ]) satisfies the generating 
conditions [fl p ,fl_i] = Q p -i (p < 0). 

Later, Morimoto [5] introduced the notion of a filtered manifold as generalization of 
the weakly regular differential system. We define a filtered manifold (R, F) by a pair of a 
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manifold R and a tangential nitration F. Here, a tangential nitration F on R is a sequence 
{F p } p<0 of subbundles of the tangent bundle TR such that the following conditions are 
satisfied: 

(Ml) TR = F k = ■ ■ ■ = D • ■ • D F p D Fp +1 D • ■ • D F° = {0} , 
(M2) [J* J 79 ] C J zrp+9 for all p, q < 0, 

where J rp = r(F p ) is the set of sections of F p . 

Let (R,F) be a filtered manifold, for x E R, we set f p (x) := F p (x)/F p+1 (x), and 

f(*):=0fp(*)- 

p<0 

For X E f p (x), Y E f q (x), Lie bracket [X, Y] E f p+q (x) is defined by: 
Let X EF P , Y E F q be extensions {X x = X, Y X = Y). Then [X, Y] E F p+q , and we set 
[X, Y] := [X,Y] X E f p+g (x). It does not depend on the choice of the extensions. The Lie 
algebra f(x) is also a nilpotent graded Lie algebra. We call (f(x), [ , ]) the symbol algebra 
of (R,F) at x. In general (f(x), [ , ]) does not satisfy the generating conditions. 

Structures of rank 2 prolongations for hyperbolic equations. Let (R, D) be a 

locally hyperbolic equation, and (E(R),D) the rank 2 prolongation. We first explain the 
geometric meaning of the open covering P U1U1 U Pu, 17r22 U P^m U i^ 11TO2 in the proof of 
Theorem 12.11 The set S(i?) has a geometric decomposition: 

(10) S(i?) = S U Si U S 2 (disjoint union). 

where S, = {w E S(i?) | dim (w D fiber) = i}, i = 0,1,2, and "fiber" means that the 
fiber of TR D -D — > TJ 1 . Then, locally, we have S | p -i([n = P WlW2 , ^llp-ifCT) = (-fLi^a U 
^wairu)\-Pwiwa> s 2|p-i(c/) = ^wiiraAGPwiu* u ^wuraa U i^^J. The set S is an open subset 
in S(i?), and is a R 2 -bundle over R. The set Si is a codimension 1 submanifold in S(i?), 
and is a (R U R) -bundle over R. The set S 2 is a codimension 2 submanifold in S(i?), and 
is a section of S(i?) -> i?. 

Proposition 3.2. The differential system D on S(i?) is regular, but is not weakly regular. 
More precisely, we obtain that D C 3D C <9 2 -D C <9 3 -D = TS(i?). Moreover, we have 
d 2 t> = d^D, d®D = TE{R) on S U S 1; and d^D = dP>D on S 2 . 

Proof. On each component Sj in the decomposition (jlOj) . we calculate the structure equa- 
tion of D. First, we consider it on So- The canonical system D on U uiul3 is given by 
D = {tu = w\ = w 2 = = tu W22 = 0} , where w wn := r Kii—p\ 1 0Ji, w^ 22 := ir 22 -pl 2 uj 2 . 
The structure equation of D on Sq is given by 



dwi = (i — 0,1,2) mod zu , zui, w 2 , n7 T11 , w 

dw vil = cui A (dpi! + fuj 2 ) mod Ct7 , roi, H7 2 , ca 
dw V22 =uj 2 /\{dp\ 2 + guJi) mod ro , tui, -072, c^n, w 



7T22 ' 



""22 1 



using by appropriate functions / and g since n n , n 22 , oj 2 are 1-forms on the base man- 
ifold R. Hence we have 3D = {w = w\ = w 2 = 0} = p~ 1 (D). The structure equation of 
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dD is written as 

dwo = mod zdq, zd\, zd 2 , 

dvj\ = oji A ZD nil mod zdq, w\, ro 2 , A ZD n22 , 

dw2 = oj 2 A zd W22 mod zdq, zd\, zd 2 , tD^ n ^ 

Hence we have d 2 D = d^D = {zdq = 0} . The structure equation of d 2 D is described by 
dvjQ = u)\ A zd i + UJ2 A ZD2 mod zoq, zd\ A zd 2 , ©1 A ZD nil , zd\ A £^22, 

ZD2 A Tn , ZD2 A "57^22) ^7T11 

A ZD W22 . 

Therefore, we have d^D = TS(i?). Next, we consider on Si. It is sufficient to prove 
on £4;i7r22 because the differential system D on U urK22 is contact equivalent to the dif- 
ferential system D on U^ 21T11 . The canonical system D on U Ul7r2a is given by D = 
{zD = zd 1 = zd 2 = zd W2 = ZD nil = 0} , where zd U2 := u 2 - Pi 2 7T 2 2, t^n := tth - pli^i- 
For a point w G U^^, w G Si if and only if p? 2 (w) = 0. Therefore, it is enough to 
consider at w in the hypersurface {p\ 2 = 0} C S(i?). The structure equation at a point 
on {p\ 2 = 0} is given by 

dzDi = (i = 0,1,2) mod gj , C7i, ca 2 , ro W2 ; 

dw^ = tt 2 2 A {dp 3 12 + fui) mod ro , Wi, ro 2 , w W2 , ^tth, 

efe^ =ui A (dpai + fl ,7r 22) mod w Q , w 1} zd 2i zd U2 , w mi , 

where / and g are appropriate functions. Hence we have dD = {zdq = zd\ = ZD2 = 0} = 
p~ 1 (D). The structure equation of dD at a point on {p\ 2 = 0} is expressed as 

dzDQ = mod zdq, zd\, zd 2 , 

dzu\ = Ui A zd Wii mod zdq, zd\, tu 2 , zd U2 A ZD nil , 

dzD 2 = ^ ^22 mod ZDq, ZDi, ZD 2 , ZD^ 2 A ZD W11 . 

Hence we have d 2 D = d^D = {zdq = 0} . The structure equation of d 2 D at a point on 
{Pn = 0} is described by 

dzD = UJi A ZD i + U)2 A ZD 2 

= U 1 AZD 1 + (ZD U2 - Pi 2 7T 22 ) A ZD 2 

= uj\ A t^i + t<7 W2 A tu 2 

= Ui A zd\ mod roi A zd 2 , zdiAzd^, ZD\AzD nil , 

ZD 2 AZD UJ2 , ZD2 A ZD nil , tU W2 A TD nn . 

Thus, we have d^D = TS(i?). Finally, we consider on S 2 . The canonical system D 
on U nil7T22 is given by D = {zd = zd\ = zd 2 = zd Wi = zd^ 2 = 0} , where zd Ui := uj\ — 
Pii7Tn, zd^ 2 := U2 — £> 22 7r 22 . For a point w G V-k^iii G S 2 if and only if Pu(w) = 
pf 2 (w) = 0. Therefore, we calculate the structure equation of D at a point in codimension 
2 submanifold {p\ x = p 22 = 0} C S(i?). The structure equation is given by 

dzDi = {i — 0,1,2) mod zd , zd\, zd 2 , zd Wi , zd U2 , 

dw ui = 7Tu A (dp 6 n + fir 22 ) mod zd , zd x , vd 2 , zd u1 , zd W2 , 

dw U2 = 7r 22 A [dp\ 2 + giixx) mod zd q , vj\, zd 2 , zd Ui , zd^ 2 . 
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where / and g are appropriate functions. Hence we have dD = {wq = w\ = w 2 = 0} = 
p~ 1 (D). The structure equation of dD at a point on {p\ x = p 22 = 0} is written as 

dzu = mod zu Q , zu\, zu 2 , 

df03\ = W Wl A 7Tn mod Wq, W%, VJ 2 ,W wx AVJ^ 21 

dw 2 = A 7r 22 mod w , W\, w 2 , A w Ua . 

Hence, we have d 2 D = d^D = {wq = 0} . The structure equation of d 2 D at a point on 
{Pii — P22 = 0} is described by 

dwo = mod wq, WiAw 2 , w\Aw Wl , w\Aw^ 2 ^ 
w 2 A w Ul , w 2 A , 07 W2 , w Ul A w U2 ■ 

Therefore we obtain d^D = d^D. □ 

From the above proposition, (S(i?), D) is locally weakly regular around w G So U Si. 
So we can define the symbol algebra at w in the sense of Tanaka and the following holds: 

Proposition 3.3. For w G S , the symbol algebra mo(w) is isomorphic to mo, where 
m o — 0-4 © 0-3 © 0-2 © 0-i, whose bracket relations are given by 

r^pjj' -^Wl] X nil , [Xpl^, X^j] "Xt225 [-^7T1D -^Wl] Xl ) 

[X^, X W2 ] = X 2 , [Xi, X W J = [X2, X W2 ] = Xq, 
and the other brackets are trivial. 

Here jx , X 1 , X 2 , X^, X p i 2 , X U1 , X W2 , X W11 , X^ 2 \ is a basis ofm and 

0-1 = {X Wl , X^, -^p^) ^P^ 2 } ' 0-2 = {-^JTllJ Xr 22 } J 0-3 = {Xi, X 2 } 7 0-4 = {X } • 

For w G S 1; t/ie symbol algebra mi(w) is isomorphic to mi, where mi = 0_4©0_3©0_2© 
0_i whose bracket relations are given by 

r^pf 2 ' -^^22} ["^Pai ' -^ttid [-^7rm -^wi] -^1> 

[Xr 22 ? ^w 2 ] = ^2, [Xi, X^J = X(), 

and the other brackets are trivial. 

Here jx , X x , X 2 , X p 3 2 , X^, X m , X W2 , X^, X^j is a basis ofmx and 
0-i = jx wi , X„- 22 , X p 3 2 , Xp^j , 5_ 2 = {X W2 , X nil } , g_ 3 = {X x , X 2 } , g_ 4 = {X } . 



Proof. We first show that mo(w) = mo- On U UlU2 in the proof of Proposition 13.21 we set 
w p i := dp\ x + /a; 2 , w p i 2 := dp\ 2 + gc^i and take a coframe: 

|ro , tui, -072, ^ttii; ^225 w i) Wpij, ^22}' then the structure equations are given 
by 

dwi = (i = 0,1,2) mod G7o, E7i, tc7 2 , ci7 Wll , tcv^, 

dw nil = U\ A uj p i^ mod G7o, tui, G7 2) ^^225 

dzu n22 = u 2 A w p i 2 mod roo; w 2 , w n22 , 
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dw = mod zoq, zu\, w 2 , 

dw\ = LO\ A U7 nn mod roo? ^2, ^ttu ^ w ^22i 

dw 2 = U) 2 A W-K22 mod G7o, G7l, W 2 , Wtth A w T22 . 

C?G7o = UJ\ A CC7x + Cc?2 A CU 2 mod t^o, W\ A W2, ti7i A ZAJ nil , ZUi A ^7722) 

CC7 2 A zv nil ,zu 2 A n7^ 22 , A zu W23 . 

We take the dual frame jx , Xi, X 2 , X nil , X n22 , X Ul , X U2 , ^ P \^ -^p^ 2 }' anc ^ se ^ 
[X Wl) X p iJ = AnX nn + ^22X^2, (Aij G E). Then we have 

^TTll^WD^plj) = ^l^TrnP^plj) - ^plj ^11(^1) - ^TTllQ^OJl^plJ), 

= -^^([X^^XpiJ) = -An. 

On the other hand, we have 

dzUvniXu^XpiJ = tu^X^Wpi^XpiJ - to p i i (X LUl )uJi(X p i i ) = 1. 

Therefore An = — 1. From the same argument for <itx7 7r22 , we get A 22 = 0. Hence we have 
[X^XpiJ = — X^. The other brackets are left to reader. Hence its dual frame satisfies 
the relation with respect to the algebra m . 

Next, we show that the isomorphism mi(u>) = mi. On t/ Wl7r22 in the proof of Proposition 
13.21 we set w p 3 := dp\ 2 + fu\, ro^^ := dp 21 + git 22 -, and take a coframe and its dual frame 

Xoj 2 1 X nil , X LOl , X W22 1 Xp\ 2 1 ~^~P2l I 

From the proof of Proposition 13.21 the structure equations at a point on {p\ 2 = 0} are 
dwi = (z = 0,1,2) mod wq, w\, w 2 , w W2 , TE*ni 

dvj U2 = 7r 2 2 A TZp\ mod gj , -07i, w 2 , w W2 , 

dw nil = u)\ A mod cc7o, ro 2 ; E7w 2 , ^Vlij 

du7 = mod tz7 , ©i, ro 2 , 

dcai = Wi A Wtth mod G7 , w\ y zu 2 ,vju 2 Ati7 7ril , 

cfc7 2 = A 7T 22 mod ro 0! ^2, ^ 2 A 

(itj7 = w i A W\ mod tJ7o? ^1 A w 2 , WiAvc U2 , WiAw nil , 

tu 2 Aw CU2 , uj 2 Azu Wii , w^ 2 A zu Wll . 

Thus we obtain the statement for mi from the same argument of the proof of mo- □ 

In the rest of this hyperbolic case, we calculate the symbol algebra at a point to in E 2 . 
From Proposition 13.21 D is not weakly regular around w G S 2 . Hence, at the point w, we 
can not define the symbol algebra in the sense of Tanaka. However, by taking the following 
filtration F on S(-R), we can define the symbol algebra m 2 (w) of (£(/?), F) at w G T, 2 . 
We set F~\w) = T W (E(R)), F~ 3 (w) = d®D(w), F~ 2 (w) = dD(w), F'^w) = D(w), 
where w G £(/?). Then, {F p } defines the filtration on For w G S 2 , we set 

:= F-\w) = D{w), g_ 2 (w) := g_ 3 (w) := F~ 3 (w) / 'F~ 2 (w), 

g_ 4 H := T^R^/F-^w), and 

m 2 (w) = Q-i(w) © Q~ 2 (w) © £U 3 (» © 9-4(w). 
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The way of the definition of the above symbol algebra in the sense of Morimoto coincides 
with the usual symbol algebra except for [g-i, Qs]- 

Proposition 3.4. For w G E 2; the symbol algebra m 2 (w) is isomorphic to va 2 , where 
m2 = 0-4 © 0-3 © 0-2 © 0-i, whose bracket relations are given by 

[X^, X Wll ] = X Ul , [x p 6 2 , X n22 ] = Xu 2 , [x nil , X Ul \ = Xi, [X n22 , X^] = x 2 , 

and the other brackets are trivial. 

Here |x , X x , X 2 , X p ^, X p ^, X Ul , X W2 , X nil , X^ 22 \ is a basis of m 2 and 
0-i — I^TTiu X n22 , X p 6^, X p 6 2 | , g_ 2 = {X Ul , X^} , g_ 3 = {Xi, X 2 } , 0-4 = {Xq} . 



Proof. On U nil7T22 in the proof of Proposition 13.21 we set zu p e :— dp\ x + /vr 22 , w p e 
dp%2 + d 71 !! an( i take a coframe: 

|tJ7 , Wi, w 2 , ro^, ro^, 7Tn, vr 2 2, ro^, W7r| 2 | and its dual frame: 

jx , Xi, X 2 , X U1 , X^ 2 , X nil , X W22 , Xp^, X p 6 2 |. From the proof of Proposition 
the structure equations at a point on {p\ x = p\ 2 = 0} are 

dwi = Q (i = 0,1,2) mod zu , w x , w 2 , w Ul , vo U2 , 

dw Ul = 7Tn A vj p 6 mod wq, mi, w 2 , ^cj 2 5 

dw U2 = n 22 A w p 6 2 mod w , U7±, w 2 , w wi , w^ 2 . 

dwo = mod vjq, w\, w 2 , 

dw x = A 7Tn mod w$, w x , w 2 , w Wl A w^ 2 , 

dzu 2 = w^ 2 A 7r 22 mod w , w x , w 2 , w m A w^ 2 . 

dvjQ = mod ti7 , tui A ta 2? ^A©^, ti7iA-a7 W2 , 
w 2 Axu u3l , U7 2 Aw UJ2 , w Wl /\w W2 . 

Thus we have the assertion by the same argument in the proof of Proposition 13.31 □ 

Structures of rank 2 prolongations for parabolic equations. Let (R, D) be a 

locally parabolic equation, and (T,(R),D) be the rank 2 prolongation. We use the 
geometric decomposition fflOl) of S(i?) which is similar to the hyperbolic case. From 
Lemma[231 locally, we have E | P -i(t7) = ^Uw 2 > ^llp- 1 ^) = ^U^V^i^; and E 2 | p -i (C /) = 
P 7ri27r22 \(P^ lW2 U P wi7r22 ), where p is the projection of the fibration S(P) — > R. The set 
E is an open set in E(P), and is a M 2 -bundle over R. The set Si is a submanifold in 
J(D,2) and contains singular points of S(P) in J(D,2) and is a R-bundle over P. The 
set £2 is codimension 2 submanifold in E(P), and is a section of E(P) — > R. 

Remark 3.5. From now on, we examine the geometric structures of (E(P),Z)) on a 
domain except for singular points in Si. 

Proposition 3.6. The differential system D on E(P) is regular, but is not weakly regular. 
More precisely, we obtain that D C dD C d 2 D C d 3 D = TE(P). Moreover, we have 
d 2 D = d^D, d^D = TE(P) on E U E i; and d^D = d^D on E 2 . 
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Proof. On each component Ej in the decomposition, we calculate the structure equation 
of D. First, we consider it on So- The canonical system D on U U1U3 is given by D = 
{zu = zu 1 = w 2 = rxj ni2 = zo W22 = 0} , where w ni2 := tx\ 2 - p\ 2 co 2 , zu n22 := 7r 22 - p\ 2 coi - 
p\ 2 ui 2 . The structure equation of D on E is written as 

dwi = (i — 0,1,2) mod w , zu\, ro 2 , vc ni2 , uj n22 , 

dru ni2 = u 2 A (dp\ 2 + fui) mod G7 , ^i, ^2, ^7ri 2 ; ^tt 2 2> 
dw^ 22 = guj\t\uj 2 — d'p\ 2 t\uj\ — d'p\ 2 f\uj 2 mod t<7 0; ^ttuj ^22- 

= -(cZpi 2 + /cji) A - (dp 22 - 5fWi) A w 2 . 

where / and g are appropriate functions. Hence we have dD = {wq = w\ = w 2 = 0} = 
p~ 1 (D). The structure equation of dD is expressed as 

dzuo = mod zuq, wi, w 2 , 

dvj\ = US 2 A n7„- 12 mod £<7()) ^l, C^2; ro 7ri 2 A E7fl- 2 2> 

dzu 2 = A / cu 7T12 -\- uj 2 A d7 7I - 2 2 mod Wi, w 2) ^71-12 A tX7 7r22 ) 

Hence we have <9 2 l) = d^D = {zuq = 0} . The structure equation of <9 2 /) is described by 
dwo = u>\ A ~uj\ + oj 2 A H7 2 , mod t^o, cai A ti7 2 , t^i A w wi2 , W\ A ro^, 

£J7 2 A VJ^ 12 , n7 2 A Wk 2 2 , ^7r 12 A '07 7r22 . 

Therefore, we obtain d^D = TE(i?). Next, we consider on Ei. It is enough to work 
on U ni27T22 since Ei\{singular points} is covered by U ni27T22 . The canonical system D on 
U ni27T22 is given by D = {uj = w x = zu 2 = zu Wl = zu W2 = 0} , where w wi := u x - p^ir^ - 
pl 2 7T 22l w U2 := u 2 -p\ 2 ix l2 . For w G U ni27T22 , w G E x if and only if pf^io) 7^ 0,^ 2 (w;) = 0. 
Because, u> G E 2 is given by the coordinate p\ x (w) = Q,p\ 2 {w) = 0, and w G Ei\E is given 
by p\ 2 {w) = 0. Therefore, we calculate the structure equation at w in the hyper surf ace 
{Pu 7^ 0)Pi2 = 0} C E(_R). The structure equation at a point on {p\ x 7^ 0,pf 2 = 0} is 

dwi = (i = 0,1,2) mod tz7 , ro 2) ro W2 , 

dtJ7 Wl = 7Ti2 A (dp 6 u + flT 22 ) + 7T 22 A (dp\ 2 + 5f7T 22 ) mod ZU , W U W 2 , tZ7 Wl , ro W2 , 

Gfa7 W2 = 7Ti 2 A (c?Pi 2 + 5f7T 22 ) mod G7 , W X , 07 2 , t*7 Wl , tU a 



'OJ2 • 



where / and g are appropriate functions. Hence we have dD = {ujq = w x = w 2 = 0} 
p^ 1 (D). The structure equation of dD is given by 

dwQ = mod vjq, m\, w 2 , 

dxxj\ = zu M2 A i\\ 2 mod cj7o ; ro 2 ; A c?a;2) 

<iG7 2 = w wi A 7Ti 2 + ro W2 A 7r 22 mod mo, zui, tu 2 , w^ x A vj W2 . 

Hence we have d 2 D = d^D = {zuq = 0}. The structure equation of d 2 D is written as 

dwQ = Pi 1 7Ti2 A w\ mod C7o, ZU1AZU2, Wi/\w Wl1 w\/\w W2 , 

zu 2 Azu UJl , zu 2 Azo UJ2 , w Ul A w U2 . 
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Here, if we set w' Q := E7o/.Pii> then structure equation is rewritten in the form: 
dzu = 7X\2 A t^i mod iUq, roi A©2i ^lAro^, WiAzu^, 

W2 A G7 Wl , tx7 2 A "07^2 , A . 

Hence we have d^D = TS(i?). Finally, we consider on £2. We use the coordinate 
on £7^2^22 • For w G U^^, w £ S 2 if and only if Pii(w) = Vi2( w ) = 0- Therefore, we 
calculate the structure equation at w in the codimension 2 submanifold {p\ x = p\ 2 = 0} C 
£(.R). The structure equation at a point on {p^i = P12 = 0} is described by 

dwi = (i = 0,1,2) mod w Q , zo x , w 2 , w Ul , w W2 , 

dw Wl = n 12 A (dp\ x + /V22) + /T22 A {dp\ 2 + #7r 22 ) mod ro , m\, uj 2 , E7 Wl , w w . 2 , 

dw U2 = n 12 A (dp 6 12 + #^22) mod ro , ©i, w 2 , w Ul , w U2 . 

where / and g are appropriate functions. Hence we have 3D = {wq = w\ = zu 2 = 0} = 
p~ 1 (D). The structure equation of dD is given by 

dzu = mod zu , zui, w 2 , 

dw\ = w U2 A tx\2 mod wq, zu\, w 2 , vj^ A U7 U2 , 

dw 2 = A 7Ti 2 + W^ 2 A /T 22 mod ZUq, Wi, W 2 , W Ul A w U2 . 

Therefore, we get d 2 D = d^D = {vjq = 0} . The structure equation of d 2 D is expressed 
as 

dwQ = mod ti7o, ^1 A W2, roi Aro ui , cai A ccr^, 

ZZ7 2 A , ti72 A W U2 7 A "07^2 • 

Hence we have d^D = d™D. □ 

From the above proposition, (S(i?),.D) is locally weakly regular around w G So U Si. 
So we define the symbol algebra at w. On the other hand, for a point w on E 2 , (S(-R), -D) 
is not weakly regular around w. However, by taking the filtration on S(i?) which is same 
to the hyperbolic case, we can define the symbol algebra at w. Each structure of symbol 
algebras is given in the following. 

Proposition 3.7. For w G S , the symbol algebra m.o(w) is isomorphic to xuq, where 
m o = 0-4 © 9-3 © 0-2 © 0-i, whose bracket relations are given by 

[^Pl 2 ' = ^ 7I "12' [-^Pi 2 ' = t^P22' ^2] = ^7T 22) [^7ri2? ^2] = 

[X^, X^] = [X T22 , X^z] = X2, [Xi, X Ul ] = [X2, Xu 2 ] = Xo, 
and the other brackets are trivial. 

Here |x , X\, X 2 , X p i^, X p \^ X U1 , X W2 , X ni2 , X W22 j is a basis of mo and 

0-i = l^wu X^, X p i 2 , X p i\ , Q-2 = {X ni2 , X W22 } , g_ 3 = {Xi, X 2 } , g_4 = {^0} • 

Form G S 1; the symbol algebra mi(iw) is isomorphic torrii, where mi = 0_4 ©0-3 ©0-2 © 
0_i, whose bracket relations are given by 

r^pfi' ^12] = [X p f 2 , X n22 ] = X W1 , [X p 6 2 , X W12 ] = X U2 , 

[X ni2 , X W2 ] = Xi, [^125 X Ul ] = [X n22 , X U2 ] = X 2 , [Xi,X ni2 ] = Xq, 
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and the other brackets are trivial. 

Here jx , X x , X 2 , X p ^, ^p? 2 ' "^ 2 > ' ^22} ^ s a o/mi and 

0-i = |^7ri2) ^7r 22 ? XpS^ ^ p 6 2 | , g_ 2 = {X Wl , X W2 ] , g_ 3 = {Xi, X 2 } , 0-4 = {X } 

Forw G E2, i/ie symbol algebra 1x12(10) is isomorphic to m 2 , where rri2 = 0-4 ©0-3 ©0-2 ! 
0_i, whose bracket relations are given by 



t^Pii' ^12] ~~ t^Pi 2 ' ^22] — P^p? 2 ' ^12] — ^ 

[X^ 12 , X^] = Xi, [X ni2 , X Wl ] = [X TO2 , X W2 ] = x 2 , 
and t/ie ot/ier brackets are trivial. 

Here |x , Xi, X 2 , X p e n , X p e 2 , X Ul , X W2 , X ni2 , X^ 22 \ is a basis of m 2 and 

0-1 = |^7ri2) Xtt22> ^pf x ' ^P? 2 } ' = i^i' ^2} 5 0-3 = {^1, X 2 } , 0-4 = {X } • 

Proof. We first show that m (w) = m for w G S . On U U1U2 in the proof of Proposition 
13.61 we set ^ p \ 2 '■= dp\ 2 + f^i, w v \ 2 '■= dp\ 2 ~ 9^2, and take a coframe: 

|-£70) w\, w 2 , t^7r 12 , ^22)^1)^2) ^pjj) ^22 }' then the structure equations are given by 

dwi = [i — 0,1,2) mod wo, ^2> "^wi ro 7r 2 2> 

dw ni2 = u 2 A tt p i 2 mod wq, zu\, w 2 , w 7ri2 , w n22 , 

— ti7pi A Wi — tJ7 p i A CJ2 mod tJ7o 5 Wi, tU2, w 7ri2 , w W22 . 

dwo = mod wq, w\, w 2 , 

dw\ = u 2 A Ci7 7ri2 mod wq, n7i, CP2> A ^7^22; 

dw 2 = U\ A vj^ 12 -\- uj 2 A "07^22 mod Wq, W\, w 2 , zu^ 12 A tu n22 , 

dWQ = Wl A H7l + 0^2 A "072) mod tx7 0) Ci7i A ti72, ^1 A U7 ni9 , ^1 A W7T22) 

ZZ72 A ^jJtt 12 , "G72 A "57^22 i ^tt\2 A £^22 ■ 

We take the dual frame: jx , X 1 , X 2 , X ni2 , X W22 , X Ul , X^ 2 , X p i^, X p i\. Then, by 

using the same argument to the hyperbolic case, we have the bracket relations of mo- 

Next, we show that the isomorphism mi(w) = mi for a point on Ei. On ?7 7ri27r22 
in the proof of Proposition 13.61 we set n7 p 6 := dp\ x + /7r 2 2, w p\ 2 '■= dp\ 2 + g7r 2 2, 

and take a coframe <yOj' Q , w\, zu 2 , w Ul , zu U2 , i\\ 2 , tt 22 , zd,^, w p e 2 j. and its dual frame 

|x , Xi, X 2 , X Ul , X^ 2 , X m2 , X n22 , X p G^, X p 6 2 |. From the proof of Proposition 13. 6j 
the structure equations at a point on {p\ x ^ 0, p\ 2 = 0} are described by 

dzu' = mod w'q, vj\, w 2 , w Ul , vj U2 , 

dwi = (i — 1,2) mod w' , w\, zu 2 , zu ui , vj^ 2 , 

dw Ul = 7Ti2 A ZUpb^ + 7T 2 2 A ^ mod G7 , E7l, W 2 , 07 Wl , "07^, 

(izs7 W2 = 7r 12 A ro p 6 2 mod w' Q , w\, w 2 , w^ 2 . 



J 12 
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dzu' = mod m' Q , mi, m 2 , 

dm i = m^ 2 A 7Ti2 mod mo, mi, m 2 , m wi A m U2 , 

dm 2 = m Ul A 7Ti 2 + m U2 A 7r 22 mod tc , mi, m 2 , m Ul A E7 W2 , 

dm' = iri 2 Ami mod G7q, caiAtc^, s^iAcc^, miAm U2 , m 2 Am UJl , m 2 Am u]2 , m^ x Am^ 2 . 
Then, by using the same argument to the hyperbolic case, we have the bracket relations 
of mi. 

Finally, we prove the statement for m 2 . We use the coordinate on U ni27T22 which is same 
to the case of Si. From the proof of Proposition 13.61 the structure equations at a point 
on {p\ x = p\ 2 = 0} are expressed as 

dmi = (z = 0,1,2) mod mo, mi, m 2 , m Ul , m U2 , 

dm wx = 7T 12 A c£7 p e + 7r 2 2 A m p e^ mod m , m x , m 2 , m ui , m^ 2 , 
dm U2 = 7Ti2 A tJ7 p 6 2 mod mo, mi, m 2 , m Wl , m^ 2 . 

dm = mod mo, m\, m 2 , 

dm\ = m W2 A 7Ti2 mod mo, m\, m 2 ,m u>1 Am^, 



dm 2 = m Ul A i\\ 2 + m^ 2 A ir 22 mod mo, m\, m 2 , m ui A m 



u>2 ' 



dmo = mod mo, m\ A m 2 , m\ A m^ x , m\ A m^ 2 , 
m 2 Am Ul , m 2 Am u)2 , m Ul A m W2 . 

Thus we have the statement for m 2 (w) from the same argument. □ 

Structures of rank 2 prolongations for elliptic equations. Let (R, D) be a locally 
elliptic equation and (E(R),D) the rank 2 prolongation. We use the geometric decom- 
position (fTOj) of Ti(R) which is similar to the hyperbolic case. From Lemma [2.6[ locally, 
we have E Q \ p -i(u) = Pw^, S 2 | p -i(t/) = P^^P^^, where p is the projection of the 
fibration E(P) — >• R. The set E is an open set in £(P), and is a M 2 -bundle over R. The 
set S 2 is a codimension 2 submanifold of £(i?) and is a section of S(P) — > R. 

Proposition 3.8. The differential system D on S(P) is regular, but is not weakly regular. 
More precisely, we obtain that D C dD C d 2 D C d 3 D = T£(P). Moreover, we have 

Q2jj = d (2)jj^ d (3)jj = on Sqj an( i Q(3)f) = Q(2)f) on ^ 2 . 

Proof. On each component Ej in the decomposition, we calculate the structure equation 
of D. First, we consider it on So- The canonical system D on U UlU2 is given by D = 
{m = m x = m 2 = m nil = m ni2 = 0} , where m nil := ir n "Pii^i - Pn^, ^n 12 ■= - 
p\ 2 coi + p\iUJ2- The structure equation of D on S is given by 

dmi = (i = 0, 1, 2) mod mo, mi, m 2 , m nil , m ni2 , 
dm nil = 0Ji A {dp\ x + fuj 2 ) + u 2 A (dp{ 2 + gu 2 ) mod m , m x , m 2 , m wn , m ni2 , 
dm ni2 = wi A (dp} 2 + guj 2 ) - cu 2 A (dp^ + /w 2 ) mod m , mi, m 2 , m Wll , m ni2 . 
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where / and g are appropriate functions. Hence we have dD = {mo = w\ = m 2 = 0} = 
p~ 1 (D). The structure equation of dD is written as 

dvjQ = mod m , mi, m 2 , 

dW\ = UJ\ A ZU nn + U>2 A tI7 7ri2 mod ©O! ro l, ro 2, C^irn A £^7r 12 , 

C?ti72 = Wi A C^ia -W2 A ^tth mod ^1, ^2; ^irn A t^u, 

Hence we have d 2 D = d^D = {mo = 0} . The structure equation of d 2 D is expressed as 
dwQ = U)\ A W\ +U2 A ©2) mod iuq, T37i A G72, m\ A m^, W\ A 

ZU2 A t^TTjj, t*?2 A t^7r 12 5 ^7Tn A C(7 7ri2 . 

Hence, we have d^D = TT,(R). Next we consider on E2. The canonical system D 
on U nil7ri2 is given by D = {m = W\ = m 2 = m Ul = m^ 2 = 0} , where m Ul := ui\ — 
Pii^n - 012*12, ro U2 := ^2 - 0?2 7r n + Pii 71 "^- For w E U mm2 , w E E 2 if and only if 
Pii( w ) = Pi2( w ) = 0- Therefore, we calculate the structure equation at w in the codi- 
mension 2 submanifold {p\ x = p\ 2 = 0} C H(R). The structure equation at a point on 
{Pii = P12 = 0} is described by 



dvJi = (i = 0,1,2) mod tz7 , ro i, ro 2, ^oj 2 , 

efc7 Wl = 7Tn A (dp 6 u + /tti 2 ) + tt 12 A (rfp^ 2 + #71-12) mod m , w u m 2 , m^, m U2 , 
dm W2 = tth A {dp\ 2 + gir 12 ) - tt 12 A (dp 6 u + /tt 12 ) mod m , w u m 2 , C7 W1 , 07, 



U>2 ■ 



where / and (7 are appropriate functions. Hence we have dD = {wq = w\ = m 2 = 0} = 
p~ 1 (D). The structure equation of dD is 

dwo = mod tu , m±, m 2 , 

dm 1 = m^ x A 7r n + tJ7 W2 A 7r 12 mod ca , ^1, ^2, w Wl A a7 W2 , 

du72 = m Ul A 7Ti2 — ti7 W2 A 7Tn mod mo, m\, m 2 , m Wl A m^, 

Hence we have d 2 D = d^D = {mo = 0} . The structure equation of d 2 D is given by 

dmo = mod mo, m\l\m 2 , m\/\m Wl , m\/\m W2 , 
m 2 Am ull , m 2 Am UJ2 , m UJl A m LU2 . 

Thus, we have d^D = d^D. □ 

From the above proposition, (T,(R), D) is locally weakly regular around w E £o- So we 
can define the symbol algebra at w in the sense of Tanaka. On the other hand, for a point 
w on £2, (S(-R), D) is not weakly regular around w. However, by taking the filtration on 
S(i?) which is same to the hyperbolic case, we can define the symbol algebra at w. Each 
structure of symbol algebras is given in the following. 

Proposition 3.9. For w E So, the symbol algebra mo(w) is isomorphic to mo, where 
ttlo = 0-4 © 0-3 © 0-2 © 0-i, whose bracket relations are given by 



T12 ) 



[Xnn, X U1 \ — [X W12 , X W2 ] — Xi, [X ni2 , X Ul ] — [Xyj, -Xttu] — X 2 , 
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[X x , X Ul ] = [X 2 , X^ 2 ] = Xq, and the other brackets are trivial. 
Here |x , X x , X 2 , X p i n , X p i 2 , X U1 , X W2 , X mi , X ni2 \ is a basis of m and 

0-i = j^i, X Wa , X^, X p i\ , g„ 2 = {X nil , X ni2 } , g_ 3 = {X x , X 2 } , 0-4 = {Xo} • 

For w G S 2 , t/ie symbol algebra m 2 (w) is isomorphic to m 2 , where m 2 = 0-4 ©0-3 ©0-2 S 
g_i, whose bracket relations are given by 



L 0J2 J 



[-^iriii = [^7ri2) — [^7ri25 -^ojiJ — [Xoj 2 , X nil ] = X 2 , 

and the other brackets are trivial. 

Here jx , X x , X 2 , X p &^ X p e 2 , X Ul , X W2 , X^, X„. 12 j a basis of m 2 and 
0-i = I^ttid X m2 , X p 6^, X p G^ , g_ 2 = {X W1 , X W2 } , g_ 3 = {X x , X 2 } , g„ 4 = {X } . 



Proof. We first show that m (m) = m . On E/ W1W2 in the proof of Proposition 13. 8[ if we 
set E7 p i := rfpn + /w 2 , w p i 2 := c?pj 2 + ga; 2 and take a coframe: 



|U7 , W X , VJ 2 , W %n , W ni2 , Ui, U 2 , ttpi^ W p i 2 

then the structure equations are written as 

dwi = (i = 0,1,2) mod wo, tu x , ru 2l w 7Tll , w %12 , 

dw Wll = u x A zu^ + u 2 A w p i 2 mod zu , zu x , ©2, n^n, ^7r 12 > 

rf^Tna = 0J X A VJpl — U 2 A VJpl mod ZZ7(), ^1, CE72j ^TTIU ro 7Ti2- 

cfajo = mod cc7 , vv x , zu 2 , 

dw x = u> x A w nil -\- u 2 A mod G7o 5 tz x , w 2 ,w 7Tll Aw 7Tl2 , 

dw 2 = tu x A w ni2 — u> 2 A w nn mod Wq, w x , w 2 , w nil A w wi2 , 

dwQ = uj x A w x + i>J 2 A to 2 , mod Wq, zo x Azo 2 , w x Avj 7ril , tui Ac7 TO , 

zu 2 A Wn li: w 2 A w^ x2 ^ tt-xn A w^ 12 . 

We take the dual frame jx , X x , X 2 , X nil , X ni2 , X Ul , X^, X p i^ X p i 1. Then, by 

the same argument to the hyperbolic case, we have the bracket relations of mo- 

Next, we prove the statement for the algebra m 2 . On U nil7T12 in the proof of Proposition 
13.81 we set 07p6 := dp\ x + fn X2 , ^ v \ 2 '■— dp\ 2 + gn X2 and take a coframe: 

|ca , wi, vo 2 , E7 Wl , zu^, tt xx , ir X2 , w p e^ ^ v \ 2 1 , then the structure equations at a point 
on S 2 are given by 



dzui = (i = 0,1,2) mod zu , zu x , w 2 , zu m , n7 Wa , 

dzu Ul = 7Tu A (dpfi + /Vi 2 ) + tt 12 A (c^ 2 + g-7Ti 2 ) mod t*7 , ^1, »2, 07 W1 , ca W2 , 

dt37 W2 = ir xx A (dp\ 2 + gn 12 ) - n 12 A (dp 6 u + fn 12 ) mod ro , C7i, zu 2 , w Ul , w W2 . 
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dm = mod m , ©i, m 2 , 

dm i = m Ul A 7Tn + ro W2 A 7Ti 2 mod ruo, a7i, a7 2 , m wx A ti7 W2 , 

drj72 = m Ul A 7Ti 2 — ro W2 A 7Tn mod ro , ^i, -072, A tu W2 , 

cfajQ = mod cjq? t*?i A ti72, Wi Aro Wl , m\l\m^^ 
m 2 Am UJl , m 2 Am U2 , m Wl Am W2 . 

Let jx , Xi, X 2 , X^, X mi , X m3 , Xp^, X p 6 2 | be the dual frame. Then, by us- 

ing the same argument to the hyperbolic case, we have the bracket relations of rri2. □ 

4. Construction of singular solutions and the theory of submanifold of 
the rank 2 prolongation of the second jet space 

In section 2 and 3, we studied various properties of the rank 2 prolongations (S(i?), D) 
of single equations (R,D). Under these prolongations, we mention the strategy of the 
construction of the geometric singular solutions for each class of equations (R, D). More- 
over, we construct singular solutions for model equations belonging to each class. For 
this purpose, we first consider the rank 2 prolongation S(J 2 ) of the second jet space 
J 2 (M 2 ,R). For the 2- jet space J 2 (IR 2 ,R), we denote the rank 2 prolongation of J 2 (M 2 , R) 
by (S(J 2 ),C7 2 ). This space S(J 2 ) is a submanifold of the Grassmann bundle J(C 2 ,2). 
The geometry of (S(J 2 ),C 2 ) in J(C 2 ,2) is studied in [8]. From now on, we refer the 
reader to [8] for the obtained results. For an open set V C J 2 (M 2 ,M), IT 2 " 00 is covered 
by 6 open sets: 

nrV) = v xy u v xt u v yr u v ra u v rt u v st , 

where II 2 : S(J 2 ) — > J 2 is the projection and each open set is given by 

V xy := {w G U 2 ~\V) | dx A dy\ w ^ o} , V xt := [w G tfT\V) | dx A dt\ w ± o} , 

:= iw G II?"" 1 (V) | dy A dr\ w ^ o} , V rs := ju> G n 2_1 (F) | dr A ds| w ^ oj , 

F rt := ju> G n 2_1 (^) | dr A dt| w ^ o} , V st := |w G II 2 " 1 ^) | A dt\ w ^ o} . 

The prolongation S(J 2 ) has the similar geometric decomposition: S(J 2 ) = So U Si U S2, 
where Sj = {w G S(J 2 ) | dim(w fl fiber) =i} (i = 0,1,2), and "fiber" means that the 
fiber of T(J 2 ) dC 2 4 T( J 1 ). Then, locally, 



S 



2 



\nr\v) = H V rs u Kt U V st )\(V xy U \4t U V yr )} |na-i (v) , 

The set S = J 3 is an open set in S(J 2 ) and is a M 4 -bundle over J 2 . The set Si is a 
codimension 1 submanifold in S( J 2 ). The set S 2 is a codimension 2 submanifold in S(J 2 ) 
and is a P 2 -bundle over J 2 . In the following, we give the description of the canonical 
system (S(J 2 ),C* 2 ) on each coordinate. 

(A) V xy = J 3 , (x,y,z,p,q,r,s,t,p in ,p 112 ,Pi22,P222)- 

C 2 = {mo = mi = m 2 = m r = m s = m t = 0} , where m r = dr—pmdx—pn 2 dy, m s = 
ds - p U2 dx - p\ 22 dy, m t — dt - p\ 22 dx - p 222 dy. 
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(B) V xt , (x,y,z,p,q,r,s,t,a,B,c,e): 

C 2 = {wq = w\ = w 2 = w y = w r = w s = 0} , where w y = dy — adx — Bdt, w r = 
dr — cdx — (a 2 + eB)dt, w s = ds — edx — adt. 

(C) V yr , (x,y,z,p,q,r,s,t,a,B,c,e): 

C 2 = {w = w\ = w 2 = w x = w s = w t = 0} , where w x = dx — ady — Bdr, w s = 
ds — cdy + adr, w t = dt — edy — (a 2 + Bc)dr. 

(D) V rs , (x,y,z,p,q,r,s,t,B,D,E,F): 

C 2 = {wq — w\ — V3 2 — w x = w y = w t = 0} , where w x = dx — (DE — BF)dr — 
Bds, vD y = dy — Bdr — Dds, w t = dt — Edr — Fds. 

(E) Vrt, (x,y,z,p,q,r,s,t,A,D,E,F): 

C 2 = {wq = w\ = vj 2 = zu x = Wy = vo s = 0} , where w x = dx — Adr + (DE — 
CF)dt, Wy = dy + (AF - (DE - CF)E)dr - Ddt, 
w s = ds — Edr — Fdt. 

(F) Vp, (x,y,z,p,q,r,s,t,A,B,E,F): 

C 2 = {w = w\ = w 2 = w x = Wy = w r = 0} , where w x = dx — Ads — Bdt, w y = 
dy - Bds + (BE - AF)dt, w r = dr - Eds - Fdt. 

The reason we introduced S(J 2 ) is that is regarded as the subset in S(J 2 ). More 

precisely, we need to construct the equivariant embedding l : T,(R) ^ S(J 2 ) which give 
the following commutative diagram: 

E(R) ^ S(J 2 ) 

(11) I I 

J 2 (R 2 ,M). 

Here, the correspondences except for l are already given. This diagram is an extension of 
the following commutative diagram. 

rW ^ J 3 (R 2 ,R) 

(12) I I 

R^ J 2 (R 2 ,M). 

where R^ is the prolongation of (R, D) with independence condition. In general, for 
given second order PDE R = {F = 0} with independent variables x, y, this prolongation 
rW corresponds to a third order PDE system which is obtained by partial derivation of 
F = for the two variables x, y. Hence, R^ can be regarded naturally as a submanifold 
in J 3 which is also the prolongation of J 2 with the independence condition. 

Let us return to the diagram f[TT|) . If we can construct the equivariant embedding 
l : S(i?) S(J 2 ), then we can obtain singular solutions L by the following strategy: 

Find an integral manifold L of (S(i?), D) C (E( J 2 ), C 2 ) passing through the Ex U E 2 . 

Indeed, in the rest of this section, we construct the embedding and singular solutions for 
model equations belonging to the each class. 

Singular solutions of a hyperbolic equation. We consider the wave equation R = 
{s = 0} as a model equation. The differential system D = { wq = w\ = w 2 = 0} is given 
by w = dz — pdx — qdy, W\ = dp — rdx, w 2 = dq — tdy. The structure equation of D is 
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written as 



dwQ = —dp A dx — dq A dy, dw\ = —dr A dx, dw 2 = —dt A dy. 

For an open set U in R, we have the covering p _1 (t/) = P xy U P xt U P yr U P rt of the fibration 
p : S(P) — > P followed by Theorem 12.11 where 



U X y 

p 

1 %y 



{v G 7r _1 (C/) | dx\ v A 7^ 0} , U xt := {v G 7r -1 (C/) | dx],, A dt\ v ^ 0} , 
G 7r _1 (C7) | dy| w A dr\ v ^ 0} , C/ rt := {v G 7r _1 (Z7) | dr\ v A 7^ 0} , 

p -\u) n P.t := p-^tf) n c^t, P yr := p-^co n cv, ^ := p~\u) n t/ rt . 



The geometric decomposition E(P) = S USiUS 2 is given by Eo| p -i([/) = Pxy, Si| p -i([/) — 
(P xt U P yr )\P xy , E 2 \ p -i(u) = P r t\(Pxy U P^ U P^). Now, by using this decomposition, we 
consider embeddings from E(P) into S(J 2 ). 

(i) On the open set V xy = J 3 C S(J 2 ). 

On V xy , we consider the submanifold S xy = {s = pn 2 = P122 = 0} . On E^, we have 
the induced differential system D% = {© = tui = zu 2 = vj r = w t = 0} , where w r = 

dr—pmdx, wt = dt—p 222 dx. Clearly, this system (E xy , D^ xy ) is isomorphic to {P xy , D) C 

(E(P),P). Indeed, this system is equal to the third order PDE which is obtained by 
partial derivation of the original equation s = for the independent variables x, y. The 
projection to R of these integral manifolds are regular solutions of the wave equation 
s = 0. 

(ii) On the open set V xt C E(J 2 ). 

We consider singular solutions of corank 1 which are the projections of integral mani- 
folds of X( J 2 ) passing through S x . On V xt , we consider the submanifold Y* xt = {s = a = e = 
On S X f, we have the differential system = {zuq = w\ = w 2 = vj y = w T = 0} , where 
w y = dy — Bdt, w r = dr — cdx. Note that w G Si -<=>- B(w) = 0. Clearly, this system 
(Y* xt , ) is isomorphic to (P x t, D) C (H(R), D). We construct integral manifolds of this 
system in the following. Let 1 : S S xt C S(J 2 ) be a graph defined by 

(x, y(x,t), z(x,t), p(x,t), q(x,t), r(x,t), t, B(x,t), c(x,t)) around (x ,t ). 

If S is an integral submanifold of (T, xt ,D^), then the following conditions are satisfied: 

(13) l*wq = L*(dz - pdx - qdy) = (z x - p - qy x )dx + (z t - qy t )dt = 0, 

(14) l*wi = 1* (dp — rdx) = {p x — r)dx + p t dt = 0, 

(15) l*w 2 = i*(dq - tdy) = (q x - ty x )dx + (q t - ty t )dt = 0, 

(16) L*w y = i*(dy - Bdt) = y x dx + (y t - B)dt = 0, 

(17) Cw r = t*(dr — cdx) = (r x — c)dx + r t dt = 0. 

We have y(x,t) = y(t), B(x,t) = y'(t) from (lT6"j) . and note that the condition passing 
through Si is B(to) = y'(t ) = 0. From (JTBT) . we have q = J ty t dt = ty — Y where 
Y := J ydt. From ([T3D, z = J(ty- Y)y t dt + z (x) = ^ + | / y 2 dt -Yy + z (x) where 
Zq(x) is a function on S depending only x, and p = z x = z' (x). For (|T4l) . the function p 
satisfies p t = and we have r = -Zq(^)- For (1171) . the function r satisfies r t = and we 
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have c = z'q{x). Therefore, we obtain the solution of s = around (xo,t ) given by 
(x, y(x,t), z(x,t), p(x,t), q(x,t), r(x,t), t, B(x,t), c(x,t)) 

= (x, y(t), %- + \ I y 2 dt- y fydt + z (x), z' Q (x), ty - f ydt, z£(x), t,y', 4" 0*0). 



for arbitrary functions y{t) and z (x). These integral surfaces with the condition y'(t ) = 
are geometric singular solutions of corank 1. 

(iii) On the open set V yr C S(J 2 ). 

We omit this case since V yr is isomorphic to V x t by the symmetry for x and y. 

(iv) On the open set V rt C S(J 2 ). 

We will consider singular solutions of corank 2 which are the projections of integral 
manifolds of S(J 2 ) passing through £2. On V r t, we consider the submanifold S ri = 
{s = E = F = 0} . On S rt , we have the induced differential system: 

D^rt = { w ° = wi=ro2 = roi = ro 9 = 0}, 

where w x = dx — Adr, w y = dy — Ddt. Note that to6E 2 -<=>- A(w) = D(w) = 0. This 
system (E rt , D^ rt ) is isomorphic to (P r t, D) C (E(R), D). We construct integral manifolds 
of this system in the following. Let 1 : S ^ S rt C E( J 2 ) be a graph defined by 

(x(r,t), y(r,t), z(r,t), p(r,t), q(r,t), r, t, A(r,t), D(r,t)) around (r ,t ). 

If S is an integral submanifold of (E r4 , ), then the following conditions are satisfied: 

(18) l*voq = t*(dz — pdx — qdy) = (z r — px r — qy r )dr + (z t — px t — qyt)dt = 0, 

(19) l*wi = 1* (dp — rdx) = (p r — rx r )dr + (p t — rx t )dt = 0, 

(20) l*W2 = L*(dq — tdy) = (q r — ty r )dr + (q t — ty t )dt = 0, 

(21) i*uj y = L*(dx - Adr) = (x r - A)dr + x t dt = 0, 

(22) L*w r = L*(dy - Ddt) = y r dr + (y t - D)dt = 0. 

From (122]) . we have y(r,t) = y(t), D(x,t) = y'(t). From ff2T]) . we have x(r,t) = 
x(r), A(x,t) = x'(r). From (JSOD, q = J ty' dt = ty - Y where Y := / ydt. From (jI5j) . 
p = J rx'dr = rx—X where X := J xdr. From ffl8|) . z = \ [rx 1 + ty 2 + J x 2 c?r + J ?/ 2 <it) — 
(x J xdr + y J ydt) . Hence, we get the solution of s = around (xq, t ) on U rt given by 

{x(r,t), y(r,t), z(r,t), p(r,t), q(r,t), r, t, A(r,t), D(r,t)) 



x(r), y(t), - yrx +ty + j x dr + J y dt j — yx j xdr + y j ydt 

, rx — / xdr, ty — ydt, r, t, x'(r), y\t) ) . 



for arbitrary functions x{r) and y(t). These integral surfaces with the condition x'(ro) = 
y'(to) = are geometric singular solutions of corank 2. 

Singular solutions of a parabolic equation. We consider the equation R = {r = 0}. 
The differential system D = { wq = w\ = zu 2 = 0} is given by G7 = dz— pdx — qdy, w\ = 
dp — sdy, W2 = dq — sdx — tdy. The structure equation of D is written as 

dzuo = —dp A dx — dq A dy, duj\ = —ds A dy, dwi = —ds A dx — dt A dy. 
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Let U be an open set in R. We have the covering p 1 (U) = P xy U P xt U P st of the 
fibration p : S(P) —> R from Lemma [231 where U xy := {v G n^iU) \ dx\ v A dy\ v ^ 0}, 
U xt := {v eir- l (U) | dx\ v Adt\ v ^0}, U st := {v G ix~ l (U) \ ds\ v A dt\ v 7^ 0} , P^ : = 
fl P^ := H Uxt, Pst '■= V~ l (U) Pi U st . The geometric decomposition 

S(P) = S U S x U S 2 is given by S | p -i(j/) = P^, Si| p -i(i/) = P x t\Px y , E 2 \ p -i(u) = 
P s t\{Pxy U Pri)- This prolongation S(P) is realized as a submanifold of S( J 2 ) as follows: 

(i) On the open set J 3 = V xy C S(J 2 ). 

On in S(J 2 ), we consider the submanifold given by Ti xy = {r = pm = pn 2 = 0} . 
We have the induced differential system D^ xy = {©o — w\ — w 2 — w s — wt — on T, xy , 
where w s = ds—p\ 22 dy, w t = dt — p\ 22 dx — p 222 dy ■ This system (S xy ,P^) is isomorphic 

to (P xy ,D) C (S(P),P). Indeed, this system is equal to the third order PDE which is 
obtained by partial derivation of the original equation r = for the independent variables 
x, y. The projection to R of these integral manifolds are regular solutions of the equation 
r = 0. 

(ii) On the open set V st C S(J 2 ). 

We will consider singular solutions of corank 1 and 2 which are obtained by the projec- 
tions of integral manifolds of S(J 2 ) passing through smooth points in S(P). Recall that 
S^jsingular points} C S(P) is covered by P st . Hence, we work on V st and consider the 
submanifold given by S st = {r = E = F = 0} . We have the induced differential system 
t = {wq = w\ = w 2 = w x = w y = 0} on S st , where w x = dx — Ads — Bdt, w y = 
dy — Bds. Note that 

w G Si\{singular points} A(w) ^ 0,B(w) = 

toeE 2 A(w) = B(w) = 0. 

This system (T, st ,D^) is isomorphic to (P st ,D) C (S(P),P). We construct integral 
manifolds of this system. Let i : S Y, st C S(J 2 ) be a graph defined by 

{x(s,t), y{s,t), z(s,t), p{s,t), q{s,t), s, t, A(s,t), B(x,t)) around (s ,t ). 

If S is an integral manifold of D% , then the following conditions are satisfied: 



(23) 




= {z s 


- px s - qy s )ds + (z t - px t - 


- qy t )dt 


(24) 


L*W\ 


= (Ps 


- sy s )ds + (p t - sy t )dt = 0, 




(25) 


l*W 2 


= (ls 


- sx s - ty s )ds + (q t - sx t - 


ty t )dt 


(26) 


Cw x 


={x s 


- A)ds + (x t - B)dt = 0, 




(27) 




= (Vs 


- B)ds + y t dt = 0. 





We have y(s,t) = y(s), B(s,t) = y'(s) from (|2"TI) . From (T2"6"j) . x = ty'(s) + x (s), where 
x (s) is a function on S depending only s, and A = x s = ty"(s) + x' (s). From (T211) . 
p = J sy s ds = sy — Y where Y := J yds. From ff25l) . we also have q = tsy' + sxo — J x^ds. 
Similarly, from ( 12^|) . z = t(sy — Y)y' + syx + J (yx )ds — x f yds — y f x ds. Hence we 
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have solutions of r = given by 

(x(s,t), y(s,t), z(s,t), p(s,t), q(s,t), s, t, A(s,t), B(s,t)) 

= (ty'(s) + x (s), y(s), t(sy - / yds)y' + syx Q + / (yx )ds - x yds - y I x ds, 



sy 



-j yis, • /.,„/, ., t, + 



for arbitrary functions y(s) and xq(s). These integral surfaces which satisfy the condition 

A(s ,t ) = t y"{s )+x' {s ) , B(s Q ) = y'{s ) = 

are geometric singular solutions of corank 1. On the other hand, these integral with the 
condition 

A{s ,t ) = t y"(s ) + x' {s ) = , B(s ) = y'(s ) = 
are geometric singular solutions of corank 2. 

Singular solutions of an elliptic equation. We consider the Laplace equation R = 
{r + 1 = 0}. The differential system D = {w = w\ = w 2 = 0} is given by Wq = dz — 
pdx — qdy, w\ = dp — rdx — sdy, w 2 = dq — sdx + rdy. The structure equation of D is 
expressed as 

dwo = —dp A dx — dq A dy, dw\ = —dr A dx — ds A dy, dw 2 = —ds A dx + dr A dy. 

Then, for an open set U C R, we have the covering p~ 1 (f/) = P xy U P rs of the fibration 
p : S(-R) —> R, where 

U xy : = {v e 7T _1 (C7) | dx\ v A dy\ v ^ 0} , U rs := {v G 7r _1 (C/) | dr| w A ds\ v ^ 0} , 

^ : = p-\u) n C^,, P rs := P -\U) n f/ rs . 

The geometric decomposition S(-R) = E U S 2 is given by Eolp-^t/) = Pxy, ^Ip- 1 ^) — 
Prs\Pxy This prolongation is realized as a submanifold of S(J 2 ) as follows: 

(i) J 3 = C S(J 2 ). 

On \4 y , we consider the submanifold given by 
^xy = {r + t = 0, pm = —P122, Pii2 = -^222} • We have the induced differential system 
D% xy = {tt = w\ = zo 2 = vo r = vo s = 0} on S xy , where w r = dr —pmdx — piudy, » s = 
ds — pu 2 dx + pmdy. This system (E xy , ) is isomorphic to (P xy ,D) C (E(i2),Z)). 
Indeed, this system is equal to the third order PDE which is obtained by partial derivation 
of the original equation r + t = for the independent variables x, y. The projection to R 
of integral manifolds are regular solutions of the wave equation r + t = 0. 

(ii) On V rs C S(J 2 ). 

We will consider singular solutions of corank 2 which are the projections of integral 
manifolds of S(J 2 ) passing through £2. On V rs , we consider the submanifold given 
by T> rs = {r + t = 0, E = — 1, F = 0} . We have the induced differential system -Ds rs = 
{wq = VD\ = zu 2 = w x = tu y = 0} on S rs , where w x = dx + Ddr — Bds, w y = dy — Bdr — 
Dds. Recall that w G £2 ^=>- B(w) = D(w) = 0. This system (E rs ,D^ ) is iso- 
morphic to (P rs ,D) C (£(i?),-D). We construct integral manifolds of this system. Let 
t : S £ rs C £(</ 2 ) be a graph defined by 

(x(r, s), y(r, s), z(r, s),p(r, s), q(r, s),r, s, B(r, s), D(r, s)) around (r , s ). 
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If S is an integral manifold of D^ rg , then the following conditions are satisfied: 



(28) l*w :=(z r - px r - qy r )dr + (z s - px s - qy s )ds = 0, 

(29) l*Wi :=(p r — rx r — sy r )dr + (p s — rx s — sy s )ds = 0, 

(30) l*zu2 '-={q r — sx r + ry r )dr + (q s — sx s + ry s )ds = 0, 

(31) i*w x :=(x r + D)dr + (x s - B)ds = 0, 

(32) L*w y : = {y r - B)dr + (y s - D)ds = 0. 

From (1311) and (13"2"|) . a complex function f(z) := y(r, s) + ix(r, s) (z := r + is) must be a 
holomorphic function. From (|2"9"|) and (130]) . p(r,s),q(r,s) are considered as solutions of a 
differential equation 

(33) q s = sx s - ry s , p r = rx r + sy r 

(34) g r = sx r - ry r , p s = rx s + sy s . 

for given functions x r = —y s ,y r = x s . Then, we also get Cauchy-Riemann equation 
q r = —p s , q s = p r from Cauchy-Riemann equation for y(r, s), x(r, s). Hence a complex 
function g(z) := p(r, s) + iq(r, s) (z := r + is) is also holomorphic. From (|2"8"1) . ^(r, s) is 
considered clS cl solution of a differential equation 

(35) z r = px r + qy r , z s = px s + gy s 

for given functions p, q, x r = —y s , y r = x s . 

Conversely, for a given holomorphic function f(z) = y(r, s) + ix(r, s) (z := r + is) we 
consider the differential equation fl33|) . (1341) for p, g where x,?/ are given functions. Then, 
the differential equation is Frobenius since y(r, s) and x(r, s) satisfy Cauchy-Riemann 
equation. Therefore, the existence of the solution of (1331 . (I3"l"|) is guaranteed and g(z) : = 
p(r, s) + zg(r, s) (z := r + is) is holomorphic. Next, we consider the differential equation 
(|35|) for z where x,y,p,q are given. Then, this differential equation is Frobenius since 
f(z) and g(z) are holomorphic functions and have solutions. Finally, let f(z) = y(r, s) + 
ix(r, s) (z := r + is) be a holomorphic function and p(r, s), g(r, s), z(r, s) be the functions 
obtained by the above construction. Then, 

(x(r, s), y(r,s), z(r,s), p(r,s), q(r, s), r, s, y r (s,t), y s (s,t)) 

is a integral surface. These integral surfaces which satisfy the condition y r (so,t ) = 
ys(so,t ) = are geometric singular solutions of corank 2. 

5. Tower constructions of special rank 4 distributions. 

In section 2 and 3, we studied geometric structures of rank 2 prolongations for each class 
of equations. In this section, we define special rank 4 distributions which are generalization 
of distributions induced by PDEs and construct tower structures of these distributions by 
successive rank 2 prolongations. 

Definition 5.1. Let R be a k + 6 dimensional manifold (k > 0), and D be a differential 
system of rank 4 on R. Then, 

(i) (R,D) is hyperbolic type at w G R if there exists a local coframe {wi,8j,Uj,iij} 
(i = 1, k, j — 1, 2) around w & R such that -D = {ti7j = 0j = 0} around w & R and the 
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following structure equation holds at w: 

dwi = mod TUi, 6j 

(36) 6B\ = A 7Ti mod tu i7 9j, 

d9 2 = 0J2 An 2 mod a7j, 9j. 

(ii) (R,D) is parabolic type at w G i? if there exists a local coframe {wi,8j,Uj,7ij} (i = 
1, .., fc, j = 1, 2) around w & R such that D = {tJ7j = 0j = 0} around w G R and the 
following structure equation holds at w: 

dw,i = mod ijJi,6j 

(37) d6i= uj2 A 7ri mod tUi,6j, 

d02 = 0J\ A 7Tl + W2 A 7T 2 mod tJ7j, 

(iii) (R,D) is elliptic type at w E R ii there exists a local coframe {zUi,6j,Uj,iTj} (i = 
1, .., fc, j = 1, 2) around w G i? such that D = {ti7j = = 0} around w G R and the 
following structure equation holds at w: 

dwi = mod vji, 9j 

(38) d9\ = Wi A 7Ti + w 2 A 7r 2 mod n7j, 

rf^2 = Wl A 7T 2 — A 7Ti mod ZUi, 9j. 

Proposition 5.2. Let (R, D) be a hyperbolic type, parabolic type or elliptic type. Then 
the first derived system dD of D is a subbundle of rank 6 and the Cauchy characteristic 
system Ch(D) of D is trivial, that is Ch(D) = {0}. 

Proof. This statement is obtained by the very definitions. □ 

Remark 5.3. In fact, the converse of the above proposition also holds. Namely, let D 
be a differential system of rank 4 on a k + 6 dimensional manifold R with rank dD = 6, 
Ch(D) = {0}. Then, for any w G R, (R, D) is a hyperbolic type, parabolic type or elliptic 
type at w ([S])- 

Proposition 5.4. 

(i) If(R,D) is locally hyperbolic, then the rank 2 prolongation (E(R),D) of(R,D) is 
also hyperbolic at any point in E(i2). Moreover, T,(R) is a T 2 -bundle over R. 

(ii) If(R,D) is locally parabolic, then (£(/?) \ {singular points} , D) is also parabolic 
at any point in H(R)\ {singular points}. Moreover, T,(R)\ {singular points} is 
a S 1 x M.-bundle over R. 

(iii) If (R,D) is locally elliptic, then the rank 2 prolongation (E(R),D) of (R,D) is 
also elliptic at any point in E(i2). Moreover, E(i?) is a S 2 -bundle over R. 

Proof. These statements are obtained by the same arguments of the proof of Theorem 
12.11 Proposition 13.31 13.41 for the hyperbolic case, Theorem I2.5[ Proposition 13.71 for the 
parabolic case and Theorem 12.71 Proposition 13.91 for the elliptic case. □ 

For the locally hyperbolic, locally parabolic or locally elliptic type distribution (R, D), 
we can define k-th rank 2 prolongation (E k (R),D k ) of (R,D) by the above Proposition, 
successively. For hyperbolic and elliptic type (R,D), we define 

(E fc (i?), D k ) := (E(E fc ~ 1 (i?)), b k ~ l ) (k = 1, 2, . . .), 
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where (Z°(R),D°) : 

(Z k (R),D k ) 
where (S^i?),/) ) : 



(R,D). For parabolic type (R,D), we define 



(R,D). 



(S(S fc ~ 1 ( J R))\ {singular points} , D k ~ x ) 



(A: = 1, 2, . . .) 



Theorem 5.5. // (i?, .D) is locally hyperbolic, locally parabolic or locally elliptic then the 
k-th rank 2 prolongation (E k (R),D k ) of (R,D) is also hyperbolic, parabolic or elliptic at 



Proof. This theorem is obtained from the successive applications of Proposition 15.41 □ 

Remark 5.6. For the hyperbolic case, Bryant, Griffiths and Hsu proved the above the- 
orem for the exterior differential systems in [2]. By our argument, for parabolic and 
elliptic cases, one can show that Theorem 15.51 have the similar extension for the exterior 
differential system ([9]). 
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any point in S fc 



(R), respectively. 
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